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UNIT -1 Electrostatics - I

Electromagnetic theory is a discipline concerned with the study of charges at rest and in
motion. Electromagnetic principles are fundamental to the study of electrical engineering
and physics. Electromagnetic theory is also indispensable to the understanding, analysis
and design of various electrical, electromechanical and electronic systems. Some of the
branches of study where electromagnetic principles find application are:

RF communication, Microwave Engineering, Antennas, Electrical Machines, Satellite
Communication, Atomic and nuclear research ,Radar Technology, Remote sensing, EMI
EMC, Quantum Electronics, VLSI ,

Electromagnetic theory is a prerequisite for a wide spectrum of studies in the field of
Electrical Sciences and Physics. Electromagnetic theory can be thought of as
generalization of circuit theory. There are certain situations that can be handled
exclusively in terms of field theory. In electromagnetic theory, the quantities involved
can be categorized as source quantities and field quantities. Source of electromagnetic
field is electric charges: either at rest or in motion. However an electromagnetic field may
cause a redistribution of charges that in turn change the field and hence the separation of
cause and effect is not always visible.

Sources of EMF:
e Current carrying conductors.
e Mobile phones.
e Microwave oven.
e Computer and Television screen.
e High voltage Power lines.

Effects of Electromagnetic fields:
e Plants and Animals.
e Humans.
e Electrical components.

Fields are classified as
e Scalar field
e Vector field.

Electric charge is a fundamental property of matter. Charge exist only in positive or
negative integral multiple of electronic charge, -e, e= 1.60 x 10" coulombs. [It may be
noted here that in 1962, Murray Gell-Mann hypothesized Quarks as the basic building
blocks of matters. Quarks were predicted to carry a fraction of electronic charge and the
existence of Quarks have been experimentally verified.] Principle of conservation of
charge states that the total charge (algebraic sum of positive and negative charges) of an
isolated system remains unchanged, though the charges may redistribute under the
influence of electric field. Kirchhoff's Current Law (KCL) is an assertion of the
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conservative property of charges under the implicit assumption that there is no
accumulation of charge at the junction.

Electromagnetic theory deals directly with the electric and magnetic field vectors where
as circuit theory deals with the voltages and currents. Voltages and currents are integrated
effects of electric and magnetic fields respectively. Electromagnetic field problems
involve three space variables along with the time variable and hence the solution tends to
become correspondingly complex. Vector analysis is a mathematical tool with which
electromagnetic concepts are more conveniently expressed and best comprehended. Since
use of vector analysis in the study of electromagnetic field theory results in real economy
of time and thought, we first introduce the concept of vector analysis.

Vector Analysis:

The quantities that we deal in electromagnetic theory may be either scalar or vectors
[There are other class of physical quantities called Tensors: where magnitude and
direction vary with co ordinate axes]. Scalars are quantities characterized by magnitude
only and algebraic sign. A quantity that has direction as well as magnitude is called a
vector. Both scalar and vector quantities are function of time and position . A field is a
function that specifies a particular quantity everywhere in a region. Depending upon the
nature of the quantity under consideration, the field may be a vector or a scalar field.
Example of scalar field is the electric potential in a region while electric or magnetic
fields at any point is the example of vector field.

@ = —

—_

A vector < can be written as, A=aid , where,

| |is the magnitude and |ﬂ| is the

unit vector which has unit magnitude and same direction as that of 4.

Two vector “dand & are added together to give another vector €. We have

Let us see the animations in the next pages for the addition of two vectors, which has two
rules: 1: Parallelogram law  and 2: Head & tail rule
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HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE PLAY AND STOP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1{b}: Vector Addition (Head & Tail Rule)
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PARALLELOGRAM RULE FOR VECTOR ADDITION

USE THE FLAY AND 5TOF BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AMD THE RESULTANT C I5
PRODUCED

Fig 1.1{a}:Vector Addition{Parallelogram Rule}
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HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE FLAY AND STOFP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1{b): Vector Addition (Head & Tail Rule)
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VECTOR ADDITION
B
</ 1l

HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE PLAY AND STOP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1{b): Vector Addition (Head & Tail Rule)

vector Subtraction is similarly carried out: D=A-E=A+ (—E) ...................

VECTOR
SUBTRACTION

STOP

CLICK PLAY AND STOP TO SEE THE VECTOR SUETRATION
OF A AND B

Fig 1.2: Vector subtraction
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vector Subtraction is similarly carried out: D=A-F=4+ (—_5;) ........................ (1.3

CLICK PLAY AND STOP TO SEE THE VECTOR SUBTRATION
OF A AND B

Fig 1.2: Vector subtraction

Scaling of a vector is defined as C'=a&F where® is scaled version of vector & and® is a
scalar.

Some important laws of vector algebra are:

A+E=FE+4

Commutative Law........ccccoeviiiiiiniiiiiiiee, (1.3)
ﬁ+(§+5)=(ﬁ+§)+5 o
Associative Law.......coceeveeeiieniiiiienicceeee, (1.4)
a(A+B)=ad+aB Distributive Law ......ccccoeeeeriiienieiiieieeieee, (1.5)

—_

The position vector "2ofa point P is the directed distance from the origin (O) to P, i.e.,
g OF

Fig 1.3: Distance Vector
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—_— J—

If "8 =0Pand 7= OQ are the position vectors of the points P and Q then the distance
vector

Product of Vectors

When two vectors “dand & are multiplied, the result is either a scalar or a vector
depending how the two vectors were multiplied. The two types of vector multiplication
are:

Scalar product (or dot product) 4' & gives a scalar.
Vector product (or cross product) 4% & gives a vector.

The dot product between two vectors is defined as ' 5 = |4||B|cosOsp .................. (1.6)

Vector product AxB = [4[18sin Eys°

7 1s unit vector perpendicular to A and B

— B Fig 1.4: Vector dot product

|

The dot product is commutative i.e., B =5 Aand distributive i.e.,

3(3+C) -4 3+3C
. Associative law does not apply to scalar product

—  —

The vector or cross product of two vectors A and Bj is denoted by Ax B Ax B 1s a vector

perpendicular to the plane containing A and B , the magnitude is given by [4]13 sin 845

and direction is given by right hand rule as explained in Figure 1.5.
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Here we will get,
C=A4Ax 8B

,—I""/B

A

Fig 1.5 :lllustrating the left thumb rule for determining the vector ¢ross product

Here we will get,
C=8BxA4

)

Here we will gat,

Here we will get,
C=Ax B

C=FEFExA

/ ' ’
A A C

Fig 1.5 :lllustrating the left thumb rule for determining the vector ¢cross product

Next
AxE =a, ABsin 8, w7
~  AxB
Py T E=
a . . . |45
where “* is the unit vector given by,
The following relations hold for vector product.
AxB=-FxA4 i.e., cross product is non commutative .......... (1.8)
Ax(B + ) =IxE+AC N
i.e., cross product is distributive.........c..cccceue. (1.9)

Gx(B x B)#(A<BpE _ .
i.e., cross product is non associative.............. (1.10)
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Scalar and vector triple product :
: A
Scalar triple product ~ * 4 v S (1.11)

Vector triple product % 4 v F (1.12)

Co-ordinate Systems

In order to describe the spatial variations of the quantities, we require using appropriate
co-ordinate system. A point or vector can be represented in a curvilinear coordinate
system that may be orthogonal or non-orthogonal .

An orthogonal system is one in which the co-ordinates are mutually perpendicular. Non-
orthogonal co-ordinate systems are also possible, but their usage is very limited in
practice .

Let u = constant, v = constant and w = constant represent surfaces in a coordinate system,
the surfaces may be curved surfaces in general. Furthur, let % % and % be the unit
vectors in the three coordinate directions(base vectors). In a general right handed
orthogonal curvilinear systems, the vectors satisty the following relations :

Eal Eal Eal
i, Fd, =,
Eal Eal Eal
ﬂvxﬂw= o
ey Fay ey
a, i =a
W Ty e, (1.13)

These equations are not independent and specification of one will automatically imply the
other two. Furthermore, the following relations hold
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A vector can be represented as sum of its orthogonal

components, A=daqrdarda, (1.15)

In general u, v and w may not represent length. We multiply «, v and w by conversion
factors /;,h; and A3 respectively to convert differential changes du, dv and dw to
corresponding changes in length d/;, d/,, and d/s. Therefore

di=a, di+a,dl,+a,d,
= hdu a, + dva, + dwa,

dv = ipfefidudvdw an

In the same manner, differential volume dv can be written as d

s

differential area ds, normal to % is given by, ds; = kﬂ}%dvciw. In the same manner,

differential areas normal to unit vectors * and “* can be defined.

In the following sections we discuss three most commonly used orthogonal co-
ordinate systems, viz:

1. Cartesian (or rectangular) co-ordinate system
2. Cylindrical co-ordinate system
3. Spherical polar co-ordinate system
Cartesian Co-ordinate System :
In Cartesian co-ordinate system, we have, (u,v,w) = (x,y,z). A point P(xo, yo, Zo) in

Cartesian co-ordinate system is represented as intersection of three planes x = xo, y = yo
and z = zy. The unit vectors satisfies the following relation:

> >y

Cartesian Coordinate System
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In cartesian co-ordinate system, a vector <1 can be written as

—_— " o
OF =a, x, ta, y +

]

o
I
bqg-“-‘ 5
5o .
I

The dot and cross product of two vectors <dand £ can be written as follows:

AB=-AB +AB +AB,

AxB =a,(A,8, - 48,)+a, (4B, - AB)+ (48, - 4,8,

i a a
-4, 4 4
B, B, B,
.................... (1.20)

—_ i o o
A=a, 4, +a, 4, +a, 4

Since x, y and z all represent lengths, #,= h,= h;=1. The differential length, area and
volume are defined respectively as

di=dra, +dva, +dza,
dex = dydza,
dsy = drdza,

ds = dxdy a,
AU = dxdydz

Cylindrical Co-ordinate System :

For cylindrical coordinate systems we have @, v,w) = (r.¢,2) a point Elry. . 20) is
determined as the point of intersection of a cylindrical surface r = ry, half plane
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containing the z-axis and making an angle $=4 ; with the xz plane and a plane parallel
to xy plane located at z=z, as shown in figure 7 on next page.

In cylindrical coordinate system, the unit vectors satisfy the following relations

— o o o
= + +
-{q ﬂ‘p a P ﬂg" a ? Ax czx ---------------------------

A vector 4 can be written as
9

The differential length is defined as,

di=a,do+pdda,+dzas =Ly =00 = (1.25)

N a8 a8
dp*dy = ds
N s n
dgids =
N s s

ﬂzxﬂp =ﬂ§- (1'23)
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Z=7p

Fig 1.7 : Cylindrical Coordinate System

Differential areas are:

@, = pdfdza,
ds, =dpdz;¢ .............. (1.26)
ds, - pdfd pa,
’Y Differential volume,
do=pdodgdz (1.27)

X

Fig 1.8 : Differential Volume Element in Cylindrical Coordinates

Transformation between Cartesian and Cylindrical coordinates:

—_

s ey ey
. A=a, A +apsd +a . . . .
Let us consider piotapdy tasdy is to be expressed in Cartesian co-ordinate as

—_

I o n A‘.{ = :i.ﬂ =la A ta, A +a 'Ax -
- + + . N S '
A=ar L tay Ay tas g doing so we note that

and it applies for other components as well.
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s s
Z‘ @,.a, =cosd

x
@,.a, =sing
" a . (1.28)
@iy = cos(¢+5) =-zsng
a) n @y, =cosd
d >y Therefore we can write,

A=Aa,=A cosg-d sing

A =Aa = A sing+ dcosg o (1.29)

4,-Ga,-4

Fig 1.9 : Unit Vectors in Cartesian and Cylindrical Coordinates

These relations can be put conveniently in the matrix form as:

A cosg —sng O)]4,
Al=|smg rcosg 0O]14,

% 0 0 LA (1.30)
A4y and 4 themselves may be functions of P @ andz as:
x=pooosd
y=psn
ZTZ (1.31)
@ =5y
= tan ™ 2

The inverse relationships are: £ =2 ... (1.32)


http://learnengineering.in

Spherical Polar Coordinate System

Fig 1.10: Spherical Polar Coordinate System
Thus we see that a vector in one coordinate system is transformed to another coordinate
system through two-step process: Finding the component vectors and then variable

transformation.

Spherical Polar Coordinates:

For spherical polar coordinate system, we have, (.v.w) =(r.8.4) . A point P, 6. ) is
represented as the intersection of

(1) Spherical surface r=ry
(i1) Conical surface £=§ ,and

(1i1) half plane containing z-axis making angle o= with the xz plane as shown in the
figure 1.10.

ey 2y ey
@, F iy =y
Eal Fal Eal
Qg F @, = d,
Eay o Eay
. . . . . @ 7, = dy
The unit vectors satisfy the following relationships:

The orientation of the unit vectors are shown in the figure 1.11.

15
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=y

x‘/ Orientation of Unit Vectors

Fig 1.11: Orientation of Unit Vectors

. . L A=A a+da+ia
A vector in spherical polar co-ordinates is written as : Ayt a,t dyay and
di=a,dr+a,rd&+a,rsn 8d¢

For spherical polar coordinate system we have 4,=1, hy=r and h3=" sn g
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rd6

X

Fig 1.12(a) : Differential volume in s-p coordinates

&

rangdé ¥ 4@

A

rad
¥

—_—

2y

- dr
- —
o TH o[BIl
— —
dr @

[

Fig 1.12(b) : Exploded view
With reference to the Figure 1.12, the elemental areas are:
ds, =% sin 8dBdda,
ds, =rsinfdrdga,
ds, =rdrdfa,
and elementary volume is given by
dv = r sin drd Sd g
Coordinate transformation between rectangular and spherical polar:

With reference to the figure 1.13 ,we can write the following equations:
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a,.a, =snfcosd

¥ ¥
o Ll
a,.a, =sindsn g
Aon
@,.d, =cosd
Aon
@y, =cosfoosd
o Ll
@y, =cosdsin ¢

2
o

@y 0y =cos(5+gj =-znd

o Ll ;;IT .
Ay, = cos(;t'+§] =—zan @
Eay Ll

a,.a, =cosd

Eal fay

a,.a =10

=

M
~
—
(98]
@)
~

Fig 1.13: Coordinate transformation

. A= " + y + . . . .
Given a vector A=A ot fa,tdia, in the spherical polar coordinate system, its
component in the cartesian coordinate system can be found out as follows:

A = ﬁc;; =4 sin Feosg+ A cosFeosg— A sin ¢
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Similarly,

A, =ﬁc;;_, = A onfang+ 4, cosfsin g+ A cos

................................. (1.38a)
4=Aa =Aeoso-fsne (1.38b)
The above equation can be put in a compact form:

A sinJeosd cosfcoosgd —angd||d
A =|sinfsing cosfsing cosd || 4
4 cos & "8 O AL (1.39)

The components &4 and"q?‘”themselves will be functions of 7-&and # r.8and ¢

related to x,y and z as:

are

X =ran ooz g

¥ =ran&sin g

z=rcosd ... (1.40)
and conversely,
= 2 2 4
L (1.41a)
g=rcos Zz =
L (1.41b)

.;E§'=tan'1E

T e (1.41c¢)

Using the variable transformation listed above, the vector components, which are
functions of variables of one coordinate system, can be transformed to functions of
variables of other coordinate system and a total transformation can be done.

Line, surface and volume integrals

In electromagnetic theory, we come across integrals, which contain vector functions.
Some representative integrals are listed below:
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de t[.;m? lﬁ.d? F_.:f;f

In the above integrals, & and ';E}respectively represent vector and scalar function of space
coordinates. C,S and V represent path, surface and volume of integration. All these
integrals are evaluated using extension of the usual one-dimensional integral as the limit
of a sum, i.e., if a function f{x) is defined over arrange a to b of values of x, then the
integral is given by

a 2

Fixidx =lim » fox,
| lim > /6%,
] il

Line Integral: Line integral is the dot product of a vector with a specified C; in

other words it is the integral of the tangential component £ along the curve C.

Vector field E

Figure : Line Integral

Fig 1.14: Line Integral

As shown in the figure 1.14, given a vector £ around C, we define the integral

3
J:E..:ﬂ = IE cos Sdi
@ as the line integral of E along the curve C.

If the path of integration is a closed path as shown in the figure the line integral becomes

Edl
a closed line integral and is called the circulation of £ around C and denoted as f as
shown in the figure 1.15.
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W

Figure: Closed Line Integral

Fig 1.15: Closed Line Integral

Surface Integral :

Given a vector field 4, continuous in a region containing the smooth surface S, we
define the surface integral or the flux of A through S as

= !Acosads - S[Ié..:{; 45 = l‘ﬁdE
as surface integral over surface S.

Surface S

Fig 1.16 : Surface Integral

= Eji AdS
If the surface integral is carried out over a closed surface, then we write

Volume Integrals:
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deor m Ay

We define J as the volume integral of the scalar function f{function of

Fav
spatial coordinates) over the volume V. Evaluation of integral of the form J can be
carried out as a sum of three scalar volume integrals, where each scalar volume integral is

a component of the vector &

The Del Operator :

The vector differential operator ¥ was introduced by Sir W. R. Hamilton and later on
developed by P. G. Tait.

Mathematically the vector differential operator can be written in the general form as:

18, 14. 132
?z__ﬂu P B
o v oW e (1.43)

Gradient of a Scalar function:

In Cartesian coordinates:
g g
1"._""- = a &x + gé\}, +

In cylindrical coordinates:

and in spherical polar coordinates:

g, 18, 1 @
V=—d&+-—d, +———4d,
& r a8 rsin & dg (1.46)

oo

Let us consider a scalar field V(u,v,w) , a function of space coordinates.

Gradient of the scalar field V' is a vector that represents both the magnitude and direction
of the maximum space rate of increase of this scalar field V.
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Fig 1.17 : Gradient of a scalar function
As shown in figure 1.17, let us consider two surfaces Sjand S, where the function J has
constant magnitude and the magnitude differs by a small amount dV. Now as one moves
from S to S», the magnitude of spatial rate of change of Vi.e. dV/dl depends on the
direction of elementary path length dl, the maximum occurs when one traverses from S;to
Sralong a path normal to the surfaces as in this case the distance is minimum.

By our definition of gradient we can write:

aradv =2 o —gp
dn

since ## which represents the distance along the normal is the shortest distance between
the two surfaces.

For a general curvilinear coordinate system

di=a, dl +a,dl, +a,d, =|kdua,+hdva, +idwa,

Further we can write

ﬁ =ﬁd—n=ﬁcosﬁr=TV'&;
ctl agn ol da

23
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AV =TV.dl =TV (hdua, +dva,+ dwa,)

.................................... (1.50)

Also we can write,
dV=gcﬂ gcﬁ +gcﬂ

a& ¥ W

ar " .

=| —d, +—d, +— dl g, +dla, +dla

{aza TR T J': Aot +dla,)

[BV a, + il a,+ W ; J(E@ldua + hodvid, + Bdwi,)

mau il S T T (1.51)
By comparison we can write,
Gyl AW 1

I N (1.52)

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the
expressions for gradient can be written as:
In Cartesian coordinates:

o Ty e (1.53)

In cylindrical coordinates:

Vi = ach +1ap’ +g&

B " pop” & (1.54)

and in spherical polar coordinates:

o= & +lg 4 1 &,

—d
o 7w raneag (1.55)

The following relationships hold for gradient operator.
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VN =VU+7V
VOV =V VU + UV

oo PV -Uvie
V()=
V I'!;;’
R L (1.56)

where U and V are scalar functions and 7 is an integer.

A n

— (= A a))
It may further be noted that since magnitude of & depends on the direction of
d/, it is called the directional derivative. If A=V, Vs called the scalar potential

function of the vector function <.
Divergence of a Vector Field:

In study of vector fields, directed line segments, also called flux lines or streamlines,
represent field variations graphically. The intensity of the field is proportional to the
density of lines. For example, the number of flux lines passing through a unit surface S
normal to the vector measures the vector field strength.

Fig 1.18: Flux Lines

We have already defined flux of a vector field as

W= lﬂcosﬂds =JE'&N|:£S = lﬁdg

We define the divergence of a vector field <4 at a point P as the net outward flux from a
volume enclosing P, as the volume shrinks to zero.
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- Adz
div A=V A = lim L

S OO RRRROORRON (1.59)

Here &V is the volume that encloses P and S is the corresponding closed surface.

Fig 1.19: Evaluation of divergence in curvilinear coordinate

Let us consider a differential volume centered on point P(x,v,w) in a vector field 4. The
flux through an elementary area normal to u is given by,

Net outward flux along u can be calculated considering the two elementary surfaces perpendicular to u

i A, | — | v = @dﬁdﬁw

p+ A y—du

T _TZ,'I.",'I-'I-I
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Considering the contribution from all six surfaces that enclose the volume, we can write

_ . (P & e dudvde + dudvde + dudvde
div A=V A = lim 12 = O dv e
vl Ay b b Fa, e
Cope ] 3[%@%)+3[%@&)+5[%&)
I XN g dh dw
....................................... (1.62)

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the expressions for diverges
written as:

In Cartesian coordinates:

g0k, O a4

a8 E (1.63)
In cylindrical coordinates:
gogo18(ed) 104 a4
L (1.64)

and in spherical polar coordinates:

3’ '
(r A,:]Jr 1 5[s1n.5‘.ri,)+ 1 84,
r dr reind 38 rand dg (1.65)

In connection with the divergence of a vector field, the following can be noted
o Divergence of a vector field gives a scalar.
V(Ad+B) =T A+V B
VA=V A+ ATV
Divergence theorem :

Divergence theorem states that the volume integral of the divergence of vector field is
equal to the net outward flux of the vector through the closed surface that bounds the

Jv v = cisjé- ds
volume. Mathematically,
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Proof:

Let us consider a volume V enclosed by a surface S . Let us subdivide the volume in large

number of cells. Let the k" cell has a Volume‘ﬁVK and the corresponding surface is
denoted by S;. Interior to the volume, cells have common surfaces. Outward flux through
these common surfaces from one cell becomes the inward flux for the neighboring cells.
Therefore when the total flux from these cells are considered, we actually get the net
outward flux through the surface surrounding the volume. Hence we can write:

iﬂ de
1‘514 ds =Z§H-d3= D 1,
. * s (1.67)
In the limit, that is when £ —®and Ay =0 the right hand of the expression can be
E[‘\Tf’.ﬂdfe’
written as

fﬁ-aﬁ = ;[V AdV
Hence we get , which is the divergence theorem.

Curl of a vector field:

Adl
We have defined the circulation of a vector field 4 around a closed path as EF .

Curl of a vector field is a measure of the vector field's tendency to rotate about a point.

Curl 4, also written as ¥ * 4 is defined as a vector whose magnitude is maximum of the
net circulation per unit area when the area tends to zero and its direction is the normal
direction to the area when the area is oriented in such a way so as to make the circulation
maximum.

Therefore, we can write:

iy

Curl A=VxA=lim jﬁﬁ-.ﬂ
530 AS

Do (1.68)

To derive the expression for curl in generalized curvilinear coordinate system, we first

compute ¥ *A-&xand to do so let us consider the figure 1.20 :
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n/*‘* hwv B ¥

ay
Fig 1.20: Curl of a Vector

C| represents the boundary of &5 | then we can write

iﬁﬁ-df=£ﬁ-df+;‘ﬁ-df+J;ﬁ-dﬂzl;ﬁ-df
c (1.69)

The integrals on the RHS can be evaluated as follows:

—+

f-a‘ = (A4, + Ad, + A4,) ivd, = Ay

J

The negative sign is because of the fact that the direction of traversal reverses. Similarly,

)

-cf?=—[mav+%cmmm]

i]i- di = [ At + % (%&w}&v]

ILE- di = =4 bt

Therefore,
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('\Tf 8 ﬁ) Gy (‘Tf * E) G we can write,

In the same manner if we compute for and

dh dz dz

T = 1[ﬁ%&d_ﬂ%&q&+_1[8®%}_Ha&q&+ 1[8%AJ_M%%}
il v B ok Yok

e

'Eglfiu }32&1' 'kZ&w

Vrd=s—ro — — —
By | B v dw
A A A (1.77)
d, &, 4,
vxd=l2 2 2
dxr v gz
In Cartesian coordinates: T (1.78)
4, ph, G
vxd-Ll® 2 2
2|32 di oz
A A
In Cylindrical coordinates, A I (1.79)
g, rd, rsindd,
— 1 g 8 d
VHAd=s—a——— — —
Fran fldr A8 el
in &4
In Spherical polar coordinates, A rd reandj (1.80)

Curl operation exhibits the following properties:

(N Cort of a vector figld Is anofher vector field
(i ?X(E+§]=?xﬁ+?x§
(i) Vx(WA) =TV x A+ VTx A
(V)  T(¥xA)=0
(v) ¥x¥¥=0

(vi) Vx(AxB)= AVE-EVA+(BEV)A-(AV)E (1.81)

v
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Stoke's theorem :

It states that the circulation of a vector field < around a closed path is equal to the

integral of ¥ * 4 gver the surface bounded by this path. It may be noted that this equality
holds provided 4and % * 4 are continuous on the surface.

ie,

Proof:Let us consider an area S that is subdivided into large number of cells as shown in
the figure 1.21.

44— 4—
» »
3 XX
"._ _ '.I'l _ _ . - _ '.ll'l _ _ _ . . __I...
N . <
) < \
I W B S o o by
|I * # L
7 Y Y |
BN o o BER s a
.'r rFy e "
4 .- v |
'r -
Ly >

Fig 1.21: Stokes theorem

Let "cell has surface area A and is bounded path Ly while the total area is bounded by

path L. As seen from the figure that if we evaluate the sum of the line integrals around the

elementary areas, there is cancellation along every interior path and we are left the line
integral along path L. Therefore we can write,
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%H-dfﬂswﬁ-dé

which is the stoke's theorem.

ASSIGNMENT PROBLEMS

. In the Cartesian coordinate system; verify the following relations for a scalar

. A vector function is defined by

function ¥ and a vector function A
WA [T V) =

Vo(Vxd)=0
VXA =V (V3 A) + (Vx4

= 9
E=a,
. An electric field expressed in spherical polar coordinates is given by r
E 1o
Determine | |and &, at a point (71,2, 2}.
f 51112 g i od &
. Evaluate 5 ' over the surface of a sphere of radius "0 centered at the
origin.

. Find the divergence of the radial vector field given by J(F)=dr .
A= nrfd - yxt Audl
A=, yxdy g §

I(v X A

around the

contour shown in the figure P1.3 . Evaluate over the shaded area and

verify that (Pﬂ-.:ﬂ B I (T * ﬂ)-d&“

YA

A
Mf"
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Figure P1.3

In the previous chapter we have covered the essential mathematical tools needed to study
EM fields. We have already mentioned in the previous chapter that electric charge is a
fundamental property of matter and charge exist in integral multiple of electronic charge.
Electrostatics can be defined as the study of electric charges at rest. Electric fields have their
sources in electric charges.

( Note: Almost all real electric fields vary to some extent with time. However, for many
problems, the field variation is slow and the field may be considered as static. For some
other cases spatial distribution is nearly same as for the static case even though the actual
field may vary with time. Such cases are termed as quasi-static.)

In this chapter we first study two fundamental laws governing the electrostatic fields, viz, (1)
Coulomb's Law and (2) Gauss's Law. Both these law have experimental basis. Coulomb's
law is applicable in finding electric field due to any charge distribution, Gauss's law is easier
to use when the distribution is symmetrical.

Coulomb's Law

Coulomb's Law states that the force between two point charges Q,and Q, is directly
proportional to the product of the charges and inversely proportional to the square of the
distance between them.

Point charge is a hypothetical charge located at a single point in space. It is an idealised
model of a particle having an electric charge.

7 B

2
Mathematically, R ,where k is the proportionality constant.

In Sl units, O; and O, are expressed in Coulombs(C) and R is in meters.

i = 1
47,

Force F'is in Newtons (V) and , “0is called the permittivity of free space.

(We are assuming the charges are in free space. If the charges are any other dielectric
medium, we will use = o instead where %is called the relative permittivity or the
dielectric constant of the medium).

1 o,

B ]
Therefore ATy R (2.1)
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As shown in the Figure 2.1 let the position vectors of the point charges Q;and Q, are given

e

by Tand 2. Let i represent the force on Q; due to charge Q..

0
Fig 2.1: Coulomb's Law

— —+ —_— =+

RE=ln-nl=lm—n

The charges are separated by a distance of . We define the unit vectors
as
ﬁ-_(rz_rl A_(’"l_’"z)
T g1 7
£ and B el (2.2)
_ ey -~ _ G (n—n)
S 12 4 RE ﬂn 4 Rﬂ —_— -
A o TS - 1’3
12 can be defined as . Similarly the force on Q, due to

—_— —_—

charge Q, can be calculated and if ) represents this force then we can write 1= ~F

When we have a number of point charges, to determine the force on a particular charge due
to all other charges, we apply principle of superposition. If we have N number of charges

- —

01,0,......... O located respectively at the points represented by the position vectors n ,rﬁ

—_

pereens T , the force experienced by a charge Q located at *is given by,

7. 0 Lor-n
47, 43 |+ *r

r oy

Electric Field

The electric field intensity or the electric field strength at a point is defined as the force per
unit charge. That is
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The electric field intensity £ at a point 7 (observation point) due a point charge Q located at

r (source point) is given by:

= '
£= %
4, |r -r'
.................................... 2.5)
For a collection of N point charges Q,,0,,......... Ok located at 1 ,rﬂ peveees rf"’, the electric field

intensity at point ¥ 'is obtained as

g 1 Lo-n
47y | _T

r-n

The expression (2.6) can be modified suitably to compute the electric filed due to a
continuous distribution of charges.

In figure 2.2 we consider a continuous volume distribution of charge p(t) in the region
denoted as the source region.

For an elementary charge dQ) = plrdv , i.e. considering this charge as point charge, we
can write the field expression as:

JF o 40Uy _ phdvie-r)

41me, |:?"—:r"|3 41me, |r—r'r

Fig 2.2: Continuous Volume Distribution of Charge

When this expression is integrated over the source region, we get the electric field at the
point P due to this distribution of charges. Thus the expression for the electric field at P can
be written as:
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75 - (2O,
1[4?1'&',] r rr

Similar technique can be adopted when the charge distribution is in the form of a line charge
density or a surface charge density.

7 - Ip;(r W=

4;%” T r ........................................ (2.9)
7 - l,ag:r:w(r s
4:«‘?.':",:, - (2.10)

Electric flux density:

As stated earlier electric field intensity or simply ‘Electric field' gives the strength of the field
at a particular point. The electric field depends on the material media in which the field is
being considered. The flux density vector is defined to be independent of the material media
(as we'll see that it relates to the charge that is producing it).For a linear

isotropic medium under consideration; the flux density vector is defined as:

Gauss's Law: Gauss's law is one of the fundamental laws of electromagnetism and it states
that the total electric flux through a closed surface is equal to the total charge enclosed by
the surface.
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Fig 2.3: Gauss's Law

Let us consider a point charge Q located in an isotropic homogeneous medium of dielectric
constant & The flux density at a distance r on a surface enclosing the charge is given by

If we consider an elementary area ds, the amount of flux passing through the elementary
area is given by

dyr = Dds = 2 T dscos 8
AT, (2.14)
& g
T —dQ .
But * , is the elementary solid angle subtended by the area 45 at the location of
dy = E il
Q. Therefore we can write ar

= gy %ﬂm -0

For a closed surface enclosing the charge, we can write
which can seen to be same as what we have stated in the definition of Gauss's Law.

Application of Gauss's Law

Gauss's law is particularly useful in computing Eor L where the charge distribution has
some symmetry. We shall illustrate the application of Gauss's Law with some examples.

1.An infinite line charge
As the first example of illustration of use of Gauss's law, let consider the problem of

determination of the electric field produced by an infinite line charge of density p,C/m. Let us
consider a line charge positioned along the z-axis as shown in Fig. 2.4(a) (next slide). Since
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the line charge is assumed to be infinitely long, the electric field will be of the form as shown
in Fig. 2.4(b) (next slide).

If we consider a close cylindrical surface as shown in Fig. 2.4(a), using Gauss's theorm we
can write,

od=0 =613€DE..:£E= JEDE.JE+15UE.JE+JEDEJE
e, (2.15)

Considering the fact that the unit normal vector to areas S; and S; are perpendicular to the
electric field, the surface integrals for the top and bottom surfaces evaluates to zero. Hence

we can write, o = 5 B 2

=
%

(b)

Y
'

Fig 2.4: Infinite Line Charge
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2. Infinite Sheet of Charge

As a second example of application of Gauss's theorem, we consider an infinite charged
sheet covering the x-z plane as shown in figure 2.5.

Assuming a surface charge density of #% for the infinite surface charge, if we consider a
cylindrical volume having sides As placed symmetrically as shown in figure 5, we can write:

$D ds=2Dhs = o _bs

iy

F=_5z

J:!

Fig 2.5: Infinite Sheet of Charge

It may be noted that the electric field strength is independent of distance. This is true for the
infinite plane of charge; electric lines of force on either side of the charge will be
perpendicular to the sheet and extend to infinity as parallel lines. As number of lines of force
per unit area gives the strength of the field, the field becomes independent of distance. For a
finite charge sheet, the field will be a function of distance.

3. Uniformly Charged Sphere

Let us consider a sphere of radius r, having a uniform volume charge density of (1, C/m®. To

determine £/ everywhere, inside and outside the sphere, we construct Gaussian surfaces of
radius r < rp and r > ry as shown in Fig. 2.6 (a) and Fig. 2.6(b).
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, i .
For the region " >0 the total enclosed charge will be

(a)

Fig 2.6: Uniformly Charged Sphere

By applying Gauss's theorem,

23 F-3

cPE- ds = [ [ Dor’sin8d8dg=4m’D, = 0,

i glle=0 (2.19)
Therefore

D="p4, 0<rin
e (2.20)

For the region = Jwf‘; the total enclosed charge will be

Qﬂ! =4, _ﬂ?l'ilz

B e (2.21)

By applying Gauss's theorem,
3

= 7
D=#pva, ren
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Unit Il Electrostatics-II

In this chapter we will discuss on the followings:

 Electrostatic Potential, Equipotential Surfaces
» Boundary Conditions for Static Electric Fields
» Capacitance and Capacitors
« Electrostatic Energy
* Laplace's and Poisson's Equations
» Uniqueness of Electrostatic Solutions

* Method of Images

* Solution of Boundary Value Problems in Different Coordinate Systems

Electrostatic Potential and Equipotential Surfaces

In the previous sections we have seen how the electric field intensity due to a charge or a charge
distribution can be found using Coulomb's law or Gauss's law. Since a charge placed in the vicinity of
another charge (or in other words in the field of other charge) experiences a force, the movement of
the charge represents energy exchange. Electrostatic potential is related to the work done in carrying
a charge from one point to the other in the presence of an electric field.
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Let us suppose that we wish to move a positive test charge ‘ﬁqfrom a point P to another
point O as shown in the Fig. 2.8.

The force at any point along its path would cause the particle to accelerate and move it out of
the region if unconstrained. Since we are dealing with an electrostatic case, a force equal to

the negative of that acting on the charge is to be applied while by moves from P to Q. The

work done by this external agent in moving the charge by a distance dlis given by:

AW = -tgEdi

Fio

0
Fig 2.8: Movement of Test Charge in Electric Field

The negative sign accounts for the fact that work is done on the system by the external
agent.

The potential difference between two points P and Q , Vp, is defined as the work done per
unit charge, i.e.

It may be noted that in moving a charge from the initial point to the final point if the potential
difference is positive, there is a gain in potential energy in the movement, external agent
performs the work against the field. If the sign of the potential difference is negative, work is
done by the field.


http://learnengineering.in

We will see that the electrostatic system is conservative in that no net energy is exchanged if
the test charge is moved about a closed path, i.e. returning to its initial position. Further, the
potential difference between two points in an electrostatic field is a point function; it is
independent of the path taken. The potential difference is measured in Joules/Coulomb
which is referred to as Volts.

Let us consider a point charge Q as shown in the Fig. 2.9.

'y Y,
L
.
“"x_x \\5 F_,,-*f
~— } __.-""-'P-#
P é
- #ff \\HHHK
/
-~ / \

Y

=
Y

Fig 2.9: Electrostatic Potential calculation for a point charge

Further consider the two points 4 and B as shown in the Fig. 2.9. Considering the movement
of a unit positive test charge from B to 4 , we can write an expression for the potential
difference as:

A Yy
Vg =~ [ £l = - —a:Q =, drd, = 2 l—l
r34ﬂ-5'u’" dme, |y 7

It is customary to choose the potential to be zero at infinity. Thus potential at any point (r, =
r) due to a point charge Q can be written as the amount of work done in bringing a unit
positive charge from infinity to that point (i.e. 3 = 0).

Or, in other words,
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Let us now consider a situation where the point charge Q is not located at the origin as
shown in Fig. 2.10.

Fig 2.10: Electrostatic Potential due a Displaced Charge

The potential at a point P becomes

vy -

4:"]!'5',:, |,r' —!

So far we have considered the potential due to point charges only. As any other type of
charge distribution can be considered to be consisting of point charges, the same basic
ideas now can be extended to other types of charge distribution also.

—

Let us first consider N point charges Q1, Q,,.....Qu located at points with position vectors n

,rﬁ yrens ¥ The potential at a point having position vector ¥ can be written as:

- _ 1 & & &)
ity I, [|; _1;; + F-EE + |; _%

.................................. (2.30a)
- 1 Qﬁ
V(.?":I = Ezr—_..
7 L
or, L R B (2.30b)

For continuous charge distribution, we replace point charges O, by corresponding charge

elements Prt or Pyds or Bydv depending on whether the charge distribution is linear,
surface or a volume charge distribution and the summation is replaced by an integral. With
these modifications we can write:
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7 = — (2l
4??5'0 |,r' -7,
For line charge, = b "1 (2.31)

For surface charge, ~ © I b (2.32)

V(;) _ 1 gl hdv
e,
Forvolume charge, 1 "1 (2.33)

It may be noted here that the primed coordinates represent the source coordinates and the
unprimed coordinates represent field point.

Further, in our discussion so far we have used the reference or zero potential at infinity. If
any other point is chosen as reference, we can write:

V= & +C
4Er

where C is a constant. In the same manner when potential is computed from a known electric
field we can write:

We have mentioned that electrostatic field is a conservative field; the work done in moving a
charge from one point to the other is independent of the path. Let us consider moving a
charge from point P; to P, in one path and then from point P, back to P; over a different path.
If the work done on the two paths were different, a net positive or negative amount of work
would have been done when the body returns to its original position P;. In a conservative
field there is no mechanism for dissipating energy corresponding to any positive work neither
any source is present from which energy could be absorbed in the case of negative work.
Hence the question of different works in two paths is untenable, the work must have to be
independent of path and depends on the initial and final positions.

Since the potential difference is independent of the paths taken, V3 = - V'3, , and over a
closed path,

I
L

M+VM=TE-JE
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Applying Stokes's theorem, we can write:

f— _..

PE-d J‘(‘FKE) g=0

s (2.38)

from which it follows that for electrostatic field,

Any vector field Athat satisfies ¥ *4 =Uijs called an irrotational field.
From our definition of potential, we can write

ar = s g o FoaT
dx dy dx

alV.::t ﬁ @, + BV (dm +.:1’y.:;t +dzi )——E'df
i e Bz

V¥ odi=-E-dl (2.40)

from which we obtain,

From the foregoing discussions we observe that the electric field strength at any point is the
negative of the potential gradient at any point, negative sign shows that Ejs directed from

higher to lower values of ¥ This gives us another method of computing the electric field, i.
e. if we know the potential function, the electric field may be computed. We may note here

that that one scalar function ¥ contain all the information that three components of H carry,
the same is possible because of the fact that three components of E are interrelated by the

relation ¥ * £ .
Example: Electric Dipole

An electric dipole consists of two point charges of equal magnitude but of opposite sign and
separated by a small distance.

As shown in figure 2.11, the dipole is formed by the two point charges Q and -Q separated by
a distance d , the charges being placed symmetrically about the origin. Let us consider a
point P at a distance r, where we are interested to find the field.
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Fig 2.11 : Electric Dipole

The potential at P due to the dipole can be written as:

s 1o e]l. e [n-x
7z, |n | 4| An

.......................... (2.42)
i

rpma=2x—cosd=dcosd .o o g
When r; and r,>>d, we can write 2 and 1 T 2 7
Therefore,

- 2 drcosd
Z
L2 T (2.43)
We can write,
Od cosd =Qdd, 4, (2.44)

The quantity £=Qd is called the dipole moment of the electric dipole.

Hence the expression for the electric potential can now be written as:

It may be noted that while potential of an isolated charge varies with distance as 1/r that of
an electric dipole varies as 1//* with distance.
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If the dipole is not centered at the origin, but the dipole center lies at ', the expression for
the potential can be written as:

Peir—r"

=
a7

The electric field for the dipole centered at the origin can be computed as

H=-I"=-1—d
& 7 rasg

_pd n::c:-szé? i+ L s1n35&ﬂ
2ITE 4, -

- v 13 ]
+——a_ﬂ

= 45513 (2c0s 84, +5in 83, )
0

T =

7 3[2c055&r+sin5&ﬂ)
=

£=gd is the magnitude of the dipole moment. Once again we note that the electric field of
electric dipole varies as 1/+° where as that of a point charge varies as 1//°.

Equipotential Surfaces

An equipotential surface refers to a surface where the potential is constant. The intersection
of an equipotential surface with an plane surface results into a path called an equipotential
line. No work is done in moving a charge from one point to the other along an equipotential
line or surface.

In figure 2.12, the dashes lines show the equipotential lines for a positive point charge. By
symmetry, the equipotential surfaces are spherical surfaces and the equipotential lines are
circles. The solid lines show the flux lines or electric lines of force.
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Fig 2.12: Equipotential Lines for a Positive Point Charge

Michael Faraday as a way of visualizing electric fields introduced flux lines. It may be seen
that the electric flux lines and the equipotential lines are normal to each other.

In order to plot the equipotential lines for an electric dipole, we observe that for a given Q and d, a
cosd

] = |||
constant V' requires that # is a constant. From this we can write r=cyyoosd to be the
equation for an equipotential surface and a family of surfaces can be generated for various
values of ¢,.When plotted in 2-D this would give equipotential lines.

To determine the equation for the electric field lines, we note that field lines represent the
direction of £in space. Therefore,

di = kE y s a constant

dydr +1d8a, + 3y sin 8=k, B, + 4,E, +4,8,) =dl (2.49)

For the dipole under consideration ~#=0, and therefore we can write,

dr _rd&

E B

dr _2cos8d8 _ 2d(sn &)

roodnd @ (2.50)

Integrating the above expression we get r=csin" & , Which gives the equations for electric

flux lines. The representative plot ( ¢, = ¢ assumed) of equipotential lines and flux lines for a
dipole is shown in fig 2.13. Blue lines represent equipotential, red lines represent field lines.
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FIGURE MISSING
Fig 2.13: Equipotential Lines and Flux Lines for a Dipole
Boundary conditions for Electrostatic fields

In our discussions so far we have considered the existence of electric field in the homogeneous
medium. Practical electromagnetic problems often involve media with different physical properties.
Determination of electric field for such problems requires the knowledge of the relations of field
quantities at an interface between two media. The conditions that the fields must satisfy at the
interface of two different media are referred to as boundary conditions .

In order to discuss the boundary conditions, we first consider the field behavior in some
common material media.

In general, based on the electric properties, materials can be classified into three categories:
conductors, semiconductors and insulators (dielectrics). In conductor , electrons in the
outermost shells of the atoms are very loosely held and they migrate easily from one atom to
the other. Most metals belong to this group. The electrons in the atoms of insulators or
dielectrics remain confined to their orbits and under normal circumstances they are not
liberated under the influence of an externally applied field. The electrical properties of
semiconductors fall between those of conductors and insulators since semiconductors have
very few numbers of free charges.

The parameter conductivity is used characterizes the macroscopic electrical property of a
material medium. The notion of conductivity is more important in dealing with the current flow
and hence the same will be considered in detail later on.

If some free charge is introduced inside a conductor, the charges will experience a force due
to mutual repulsion and owing to the fact that they are free to move, the charges will appear
on the surface. The charges will redistribute themselves in such a manner that the field
within the conductor is zero. Therefore, under steady condition, inside a conductor & =0 .

From Gauss's theorem it follows that

The surface charge distribution on a conductor depends on the shape of the conductor. The
charges on the surface of the conductor will not be in equilibrium if there is a tangential
component of the electric field is present, which would produce movement of the charges.
Hence under static field conditions, tangential component of the electric field on the
conductor surface is zero. The electric field on the surface of the conductor is normal
everywhere to the surface . Since the tangential component of electric field is zero, the

conductor surface is an equipotential surface. As £ = 0 inside the conductor, the conductor
as a whole has the same potential. We may further note that charges require a finite time to

-12
redistribute in a conductor. However, this time is very small ~ 107" sec for good conductor
like copper.
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Fig 2.14: Boundary Conditions for at the surface of a Conductor
Let us now consider an interface between a conductor and free space as shown in the figure
2.14.

Let us consider the closed path pgrsp for which we can write,

In order to determine the normal component E,,, the normal component of E, at the surface
of the conductor, we consider a small cylindrical Gaussian surface as shown in the Fig.12.

Let &5 represent the area of the top and bottom faces and Ak represents the height of the

cylinder. Once again, as bl =10 e approach the surface of the conductor. Since £=0
inside the conductor is zero,

sucjﬁ_‘é- ds=gE hs= phs
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Behavior of dielectrics in static electric field: Polarization of dielectric

Here we briefly describe the behavior of dielectrics or insulators when placed in static electric
field. Ideal dielectrics do not contain free charges. As we know, all material media are
composed of atoms where a positively charged nucleus (diameter ~ 10™°m) is surrounded by
negatively charged electrons (electron cloud has radius ~ 10°m) moving around the
nucleus. Molecules of dielectrics are neutral macroscopically; an externally applied field
causes small displacement of the charge particles creating small electric dipoles.These
induced dipole moments modify electric fields both inside and outside dielectric material.

Molecules of some dielectric materials posses permanent dipole moments even in the
absence of an external applied field. Usually such molecules consist of two or more
dissimilar atoms and are called polar molecules. A common example of such molecule is
water molecule H,0. In polar molecules the atoms do not arrange themselves to make the
net dipole moment zero. However, in the absence of an external field, the molecules arrange
themselves in a random manner so that net dipole moment over a volume becomes zero.
Under the influence of an applied electric field, these dipoles tend to align themselves along
the field as shown in figure 2.15. There are some materials that can exhibit net permanent
dipole moment even in the absence of applied field. These materials are called electrets that
made by heating certain waxes or plastics in the presence of electric field. The applied field
aligns the polarized molecules when the material is in the heated state and they are frozen to
their new position when after the temperature is brought down to its normal temperatures.
Permanent polarization remains without an externally applied field.

As a measure of intensity of polarization, polarization vector £ (in c/m?) is defined as:

RLY

Py

FIGURE MISSING

Fig 2.15: Polarised Dielectric Medium

n being the number of molecules per unit volume i.e. £ is the dipole moment per unit
volume. Let us now consider a dielectric material having polarization  and compute the

potential at an external point O due to an elementary dipole £ av".
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y

Fig 2.16: Potential at an External Point due to an Elementary Dipole Py,

q7 = Fav ':;tf
With reference to the figure 2.16, we can write: AR e, (2.60)
Therefore,
;r=J‘ ﬁl&ﬂ g R [ 2 2 2]5‘5
2 = lx—-x"V +{y-y +z-z2'
A 2.61) (r=x) # =y )+ (z-2)
........ (2.62)

where x,y,z represent the coordinates of the external point O and x'y".z' are the coordinates of the
source point.

From the expression of R, we can verify that

Using the vector identity, VIS A=V ALV .where f is a scalar quantity , we have,

(B re]

Converting the first volume integral of the above expression to surface integral, we can write

V:

1
47,
....................... (2.65)
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a4 1 R Ams ) R

o~

where % *is the outward normal from the surface element ds’ of the dielectric. From the
above expression we find that the electric potential of a polarized dielectric may be found
from the contribution of volume and surface charge distributions having densities

These are referred to as polarisation or bound charge densities. Therefore we may replace a
polarized dielectric by an equivalent polarization surface charge density and a polarization
volume charge density. We recall that bound charges are those charges that are not free to
move within the dielectric material, such charges are result of displacement that occurs on a
molecular scale during polarization. The total bound charge on the surface is

The charge that remains inside the surface is

I[ph.::‘v - J—v Fdv

The total charge in the dielectric material is zero as

fpﬁds+tl‘pw=i§§-d§+l—?-§dv=JV'E—JV'E=D -

If we now consider that the dielectric region containing charge density # the total volume
charge density becomes

1"-,_-"r' E" — I[.'Gv + .-Gpv)
S0 (2.73)
Using the definition of Fpr we have
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Therefore the electric flux density

When the dielectric properties of the medium are linear and isotropic, polarisation is directly
proportional to the applied field strength and

is the electric susceptibility of the dielectric. Therefore,

J—

D=¢, (1+ Lj_EP= 6,6 E = cE

%2 is called relative permeability or the dielectric constant of the medium. 0t s

called the absolute permittivity.

£ =1+

A dielectric medium is said to be linear when ¢ is independent of & and the medium is

homogeneous if te s also independent of space coordinates. A linear homogeneous and
isotropic medium is called a simple medium and for such medium the relative permittivity is
a constant.

Dielectric constant & may be a function of space coordinates. For anistropic materials, the

dielectric constant is different in different directions of the electric field, D and E are related
by a permittivity tensor which may be written as:
b =

£

¥ 1 B fp || &
= lEn g2 & ||E
o £ Fn G ||

-

k4

For crystals, the reference coordinates can be chosen along the principal axes, which make
off diagonal elements of the permittivity matrix zero. Therefore, we have

D1 [a o o][z
o l=l0 & o]|z
ol o o gllz

Media exhibiting such characteristics are called biaxial. Further, if 1~ £ then the medium is

....................... (2.78)

called uniaxial. It may be noted that for isotropic media, £
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Lossy dielectric materials are represented by a complex dielectric constant, the imaginary
part of which provides the power loss in the medium and this is in general dependant on
frequency.

Another phenomenon is of importance is dielectric breakdown. We observed that the
applied electric field causes small displacement of bound charges in a dielectric material that
results into polarization. Strong field can pull electrons completely out of the molecules.
These electrons being accelerated under influence of electric field will collide with molecular
lattice structure causing damage or distortion of material. For very strong fields, avalanche
breakdown may also occur. The dielectric under such condition will become conducting.

The maximum electric field intensity a dielectric can withstand without breakdown is referred
to as the dielectric strength of the material.

Boundary Conditions for Electrostatic Fields:

Let us consider the relationship among the field components that exist at the interface
between two dielectrics as shown in the figure 2.17. The permittivity of the medium 1 and

£

medium 2 are “land respectively and the interface may also have a net charge density

s Coulomb/m.

Medium 1

E, Ei D,
AW

Medium 2

Fig 2.17: Boundary Conditions at the interface between two dielectrics

We can express the electric field in terms of the tangential and normal
B =5+,

components Ey=Ent By (2.79)
where E, and E,, are the tangential and normal components of the electric field respectively.

Let us assume that the closed path is very small so that over the elemental path length the
variation of E can be neglected. Moreover very near to the interface, Ak —0  Therefore

cP_E“.afE =, fow — By fow +§[E1x +E,) —%[Em tE,)=0
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Thus, we have,

Dy (Lo
B, =, g £y . o .

or i.e. the tangential component of an electric field is continuous
across the interface.

For relating the flux density vectors on two sides of the interface we apply Gauss’s law to a
small pillbox volume as shown in the figure. Once again as Ak —10 , we can write

cjﬁ‘ﬂ’-dé = (Dya,+D, 4 ks = phs

.................. (2.81a)
T e (2.81b)
e, By "&Ey =0 (2.81c)

Thus we find that the normal component of the flux density vector D is discontinuous
across an interface by an amount of discontinuity equal to the surface charge density
at the interface.

Example

Two further illustrate these points; let us consider an example, which involves the refraction
of D or E at a charge free dielectric interface as shown in the figure 2.18.

Using the relationships we have just derived, we can write

E,=H::nnd =ﬂsin91=Em =Hné, =%sin &

£ B2 e (2.82a)
Dy =Dyeos§ = Ly =DhCosty (2.82b)
In terms of flux density vectors,
it § sing =—2zné,
& S (2.83a)
Dieos§ =LhCos, . (2.83b)

tan & _8 _ &

Therefore, tan &, & Ep (2.84)
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Fig 2.18: Refraction of D or E at a Charge Free Dielectric Interface
Capacitance and Capacitors

We have already stated that a conductor in an electrostatic field is an Equipotential body and
any charge given to such conductor will distribute themselves in such a manner that electric
field inside the conductor vanishes. If an additional amount of charge is supplied to an
isolated conductor at a given potential, this additional charge will increase the surface charge

b= 1 Cucds '
. I , o 4, J r :
density . Since the potential of the conductor is given by , the potential
£ c-£
of the conductor will also increase maintaining the ratio " same. Thus we can write v

where the constant of proportionality C is called the capacitance of the isolated conductor. SI
unit of capacitance is Coulomb/ Volt also called Farad denoted by F. It can It can be seen
that if =1, C = Q. Thus capacity of an isolated conductor can also be defined as the amount
of charge in Coulomb required to raise the potential of the conductor by 1 Volt.

Of considerable interest in practice is a capacitor that consists of two (or more) conductors
carrying equal and opposite charges and separated by some dielectric media or free space.
The conductors may have arbitrary shapes. A two-conductor capacitor is shown in figure
2.19.
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Fig 2.19: Capacitance and Capacitors

When a d-c voltage source is connected between the conductors, a charge transfer occurs
which results into a positive charge on one conductor and negative charge on the other
conductor. The conductors are equipotential surfaces and the field lines are perpendicular to
the conductor surface. If V' is the mean potential difference between the conductors, the

C:E

capacitance is given by v Capacitance of a capacitor depends on the geometry of the
conductor and the permittivity of the medium between them and does not depend on the
charge or potential difference between conductors. The capacitance can be computed by

assuming Q(at the same time -Q on the other conductor), first determining E using Gauss'’s
. = —J‘E..:x‘.é'
theorem and then determining

example of a parallel plate capacitor.
Example: Parallel plate capacitor

. We illustrate this procedure by taking the

Gausian
Surface

g

Fig 2.20: Parallel Plate Capacitor

For the parallel plate capacitor shown in the figure 2.20, let each plate has area A and a
distance h separates the plates. A dielectric of permittivity =fills the region between the
plates. The electric field lines are confined between the plates. We ignore the flux fringing at
the edges of the plates and charges are assumed to be uniformly distributed over the

e
. ) L2 o s
conducting plates with densities ““and -+, 4.
-]
By Gauss’s theorem we can write, £ AE (2.85)

As we have assumed “>to be uniform and fringing of field is neglected, we see that E is

kB
F=F5h= —Q
constant in the region between the plates and therefore, we can write £4 . Thus,
A
o= e, £—
V

for a parallel plate capacitor we have,
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Series and parallel Connection of capacitors

Capacitors are connected in various manners in electrical circuits; series and parallel
connections are the two basic ways of connecting capacitors. We compute the equivalent
capacitance for such connections.

Series Case: Series connection of two capacitors is shown in the figure 2.21. For this case
we can write,

ST A .
1 2
vt _ 1,1
¢ Cu O G (2.87)
V; VE
Clgs
| ] | | s | |
| || |
+0 -0 + - o =
L 6 o o o—
+ - * )
" v

Fig 2.21: Series Connection of Capacitors
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Fig 2.22: Parallel Connection of Capacitors

The same approach may be extended to more than two capacitors connected in series.
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Parallel Case: For the parallel case, the voltages across the capacitors are the same.

The total charge Q=G+ =0 +OY

Therefore, ¥V (2.88)
Electrostatic Energy and Energy Density

We have stated that the electric potential at a point in an electric field is the amount of work
required to bring a unit positive charge from infinity (reference of zero potential) to that point.
To determine the energy that is present in an assembly of charges, let us first determine the
amount of work required to assemble them. Let us consider a number of discrete charges
Q1, Q2 , Qn are brought from infinity to their present position one by one. Since initially
there is no field present, the amount of work done in bring Q; is zero. Q, is brought in the

presence of the field of Q, the work done W= Q,V>; where V>, is the potential at the location
of Q, due to Q,. Proceeding in this manner, we can write, the total work done

Wo=100, + (P 0 + P00+ G T Vi)

Therefore,

QW =V Wyt PRI Y oy Vo T i 0

Here ¥}, represent voltage at the ™ charge location due to J™ charge. Therefore,

i
D =W+, Vel = > V0,
Tl
1 i
W =2 Vi
Or, M (2.92)

If instead of discrete charges, we now have a distribution of charges over a volume v then we
can write,
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where ¥ is the volume charge density and 7 represents the potential function.

—

Since, Ly =V D, we can write

=1 I(‘? Dy
2
Y, (2.94)
Using the vector identity,
VD) =DVEs W'D, we can write
1 - =
W= El(vwﬂj_ﬂ TV)ai'v
1
Ecjﬁ(m)ds—ﬂ[ﬂ vrf)
; Yo, (2.95)
1 (vD)as ! L
In the expression "~ * , for point charges, since V'varies as ¥ and D varies as ¥ ,
1

o 3 . . . .
the term ¥ {'varies as 7~ while the area varies as 2. Hence the integral term varies at least
1

as 7 and the as surface becomes large (i.e. ¥ = 2) the integral term tends to zero.

Thus the equation for W reduces to

1 1 == 1
W=-- (| DVV v = [[DE W= [[eE% )dv = [wav

21( )d EI( )d EI J R (2.96)
W, -1 £

2 , is called the energy density in the electrostatic field.

Poisson’s and Laplace’s Equations
For electrostatic field, we have seen that
v D= 2,
B o o et (2.97)

Form the above two equations we can write
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Ve (gE) =V (-5 = g, (2.98)

Using vector identity we can write, VANV Ne=-p, (2.99)

For a simple homogeneous medium, £is constant and Ve=1 Therefore,
VY =V = -2

This equation is known as Poisson’s equation. Here we have introduced a new operator,

2
K ( del square), called the Laplacian operator. In Cartesian coordinates,

5 i d J ai ar ai
T =TTV = (—a, +—a, +—d, (G, * —G, + —a,)
ax oAy YA T ax ¢ Ay &
ax dy dz o cy iz (2.101)

Therefore, in Cartesian coordinates, Poisson equation can be written as:

A4 . a4 . v __ g

' ax ax £ (2.102)

In cylindrical coordinates,

~ Srr ~2rr ~2rr

o 1@[&] 1 &% @

V= — ;o — S —
.?-“

rarl @) Ay ot (2.103)

In spherical polar coordinate system,

2
\72V=i2i[,~9%]+ 21‘ i[sin9%]+%a—’
ridr| or ) r°singadéd risin*gadgt (2.104)

At points in simple media, where no free charge is present, Poisson’s equation reduces to

V=0 (2.105)

which is known as Laplace’s equation.

Laplace’s and Poisson’s equation are very useful for solving many practical electrostatic field
problems where only the electrostatic conditions (potential and charge) at some boundaries
are known and solution of electric field and potential is to be found throughout the volume.
We shall consider such applications in the section where we deal with boundary value
problems.
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ASSIGNMENT PROBLEMS

1. A charged ring of radius i carrying a charge of I C/m lies in the x-y plane with its

centre at the origin and a charge e C is placed at the point (0,0,2d) . Determine *Z

in terms of e and € so that a test charge placed at (0,0,2d) does not experience
any force.

2. A semicircular ring of radius ¥ lies in the free space and carries a charge density Fr
C/m. Find the electric field at the centre of the semicircle.

3. Consider a uniform sphere of charge with charge density A and radius b , centered
at the origin. Find the electric field at a distance » from the origin for the two cases:
r<b and r>b . Sketch the strength of the electric filed as function of r .

4. A spherical charge distribution is given by

at = Fila
o A=
o, Foa

@ is the radius of the sphere. Find the following:

i. The total charge.
i. Bforriagndr>a,

iii. The value of * where the £ becomes maximum.

5. With reference to the Figure 2.6 determine the potential and field at the point

£1(0,0.4) if the shaded region contains uniform charge density P im? .

o=

Flgure 2.6

6. A capacitor consists of two coaxial metallic cylinders of length L radius of the inner
conductor 2 and that of outer conductor # . A dielectric material having dielectric
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constant & = 3+2 I“G, where ©is the radius, fills the space between the

conductors. Determine the capacitance of the capacitor.

7. Determine whether the functions given below satisfy Laplace 's equation

V(x,9.,7) = e

I) IIIE +_J-"2 +Zj

i) Vie,¢.z) = pzsin g+ o

Unit Il Magnetostatics

In previous chapters we have seen that an electrostatic field is produced by static or
stationary charges. The relationship of the steady magnetic field to its sources is much more
complicated.

The source of steady magnetic field may be a permanent magnet, a direct current or an
electric field changing with time. In this chapter we shall mainly consider the magnetic field
produced by a direct current. The magnetic field produced due to time varying electric field
will be discussed later. Historically, the link between the electric and magnetic field was
established Oersted in 1820. Ampere and others extended the investigation of magnetic
effect of electricity . There are two major laws governing the magnetostatic fields are:

e Biot-Savart Law

o Ampere's Law

Usually, the magnetic field intensity is represented by the vector A 1tis customary to
represent the direction of the magnetic field intensity (or current) by a small circle with a dot
or cross sign depending on whether the field (or current) is out of or into the page as shown
in Fig. 4.1.
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So e

i (or 1) out of the page i (or 1) into the page
Fig. 4.1: Representation of magnetic field (or current)
Biot- Savart Law

This law relates the magnetic field intensity dH produced at a point due to a differential
current element £/ as shown in Fig. 4.2.

—+

df

2=11

Fig. 4.2: Magnetic field intensity due to a current element

The magnetic field intensity @ H at P can be written as,

_IdixG, iR

dH 2
4R AR e, (4.1a)
25 = I.:ﬂﬂ"m::r
QIR e (4.1b)
where B | |is the distance of the current element from the point P.

Similar to different charge distributions, we can have different current distribution such as line

current, surface current and volume current. These different types of current densities are
shown in Fig. 4.3.
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Line Current Surface Current Volume Current

Fig. 4.3: Different types of current distributions

By denoting the surface current density as K (in amp/m) and volume current density as J (in
amp/m?) we can write:

idi = Kds = Jdv 4.2)

(1t may be noted that £ = Kdw = fffﬂ)

Employing Biot-Savart Law, we can now express the magnetic field intensity H. In terms of
these current distributions.

—_— _PX_P
= def 3R
AT for line current..............ccceennes (4.3a)
—_ _Px_.-
7 = JﬁijRER
S for surface current .......ccc......... (4.3b)
= I}lfvxﬁ
3
AL for volume current.............ccovee (4.3c)

To illustrate the application of Biot - Savart's Law, we consider the following example.

Example 4.1: We consider a finite length of a conductor carrying a current i placed along z-
axis as shown in the Fig 4.4. We determine the magnetic field at point P due to this current
carrying conductor.
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bl

o a H
P P

Fig. 4.4: Field at a point P due to a finite length current carrying conductor

With reference to Fig. 4.4, we find that
cif=cizaz and R = fa,~za,

Applying Biot - Savart's law for the current element £ i

we can write,

E - fdfxf - Jc}iéizﬂﬂz £
4R daf o +z7]

........................................................ (4.5)
z
— =tan &
Substituting A we can write,
— 7 ofsec’ ade N .
H=]— g, = sif1 &%, — 8l 3 ) d
“‘4;? &eect @ # 4;??,?:?[ % ‘31:1;&
......................... (4.6)

— oyl = —an?
We find that, for an infinitely long conductor carrying a current | ,QE =30 and % 50
Therefore, T e 4.7)
Ampere's Circuital Law:

Ampere's circuital law states that the line integral of the magnetic field < (circulation of H )
around a closed path is the net current enclosed by this path. Mathematically,
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oA = e 4.8)

The total current | ¢nc can be written as,

I = l:f.:ig
...................................... (4.9)
By applying Stoke's theorem, we can write
cjﬁﬁd? - lvxﬁ.dg
lvxﬁ.d&“ =J3..:f§
I (4.10)

which is the Ampere's law in the point form.

Applications of Ampere's law:

We illustrate the application of Ampere's Law with some examples.

Example 4.2: We compute magnetic field due to an infinitely long thin current carrying
conductor as shown in Fig. 4.5. Using Ampere's Law, we consider the close path to be a

circle of radius © as shown in the Fig. 4.5.

If we consider a small current element (= ldza, ) , dHjs perpendicular to the plane

containing both ai and R(= “mP:'

Ay Jg.e., H=Ha, .

. Therefore only component of 47 that will be present is

By applying Ampere's law we can write,
Ax

H-La, J‘Hﬂﬂd¢=H¢p2ﬂ -1
e

Y P .
Therefore, & which is same as equation (4.7)
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Fig. 4.5: Magnetic field due to an infinite thin current carrying conductor

Example 4.3: We consider the cross section of an infinitely long coaxial conductor, the inner
conductor carrying a current | and outer conductor carrying current - | as shown in figure 4.6.

We compute the magnetic field as a function of # as follows:

In the region VsoLk
2
o
o =1 38
L e, (4.12)
Iﬁ'ﬁf = {0
Yo (4.13)
In the region Ripik
T =1
A, =—£
2T e (4.14)

—{
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Fig. 4.6: Coaxial conductor carrying equal and opposite

currents
In the region B, S05 8
_n2
l,.=1-1 ;i?;; Rﬂg
B R, (4.15)
_ 4 R-p
# A D2_p2
R (4.16)

In the region £ E,

Magnetic Flux Density:

In simple matter, the magnetic flux density & related to the magnetic field intensity f as
bt
B

—_—

HH where ¥ called the permeability. In particular when we consider the free space
gy =4mx107

—_—

Hold where H/m is the permeability of the free space. Magnetic flux
density is measured in terms of Wh/m 2.

The magnetic flux density through a surface is given by:

— =+

= lB.ds
WD oo (4.18)

In the case of electrostatic field, we have seen that if the surface is a closed surface, the net
flux passing through the surface is equal to the charge enclosed by the surface. In case of
magnetic field isolated magnetic charge (i. e. pole) does not exist. Magnetic poles always
occur in pair (as N-S). For example, if we desire to have an isolated magnetic pole by
dividing the magnetic bar successively into two, we end up with pieces each having north (N)
and south (S) pole as shown in Fig. 4.7 (a). This process could be continued until the
magnets are of atomic dimensions; still we will have N-S pair occurring together. This means
that the magnetic poles cannot be isolated.
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J‘.'fr 'i"’? Hf
S A J
N
== (>
N N
&
N — -
g 5 g Hor E lines
{a) (b

Fig. 4.7: (a) Subdivision of a magnet (b) Magnetic field/ flux lines of a straight current
carrying conductor

Similarly if we consider the field/flux lines of a current carrying conductor as shown in Fig. 4.7
(b), we find that these lines are closed lines, that is, if we consider a closed surface, the
number of flux lines that would leave the surface would be same as the number of flux lines
that would enter the surface.

From our discussions above, it is evident that for magnetic field,

i‘sﬁ.ds =0
...................................... (4.19)
which is the Gauss's law for the magnetic field.
By applying divergence theorem, we can write:
fE.dE =JV.§.:iv =0
Hence, V=0, (4.20)

which is the Gauss's law for the magnetic field in point form.
Magnetic Scalar and Vector Potentials:
In studying electric field problems, we introduced the concept of electric potential that

simplified the computation of electric fields for certain types of problems. In the same manner
let us relate the magnetic field intensity to a scalar magnetic potential and write:
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Therefore, N = (4.23)

(VI =0 H =7V,

But using vector identity, we find that " mis valid only where J=0,

Thus the scalar magnetic potential is defined only in the region where J=0 Moreover, Vi,
in general is not a single valued function of position.

This point can be illustrated as follows. Let us consider the cross section of a coaxial line as
shown in fig 4.8.

- #
In the region asg {:b, J =0 and 27

——
N .~
=
Y
-

Fig. 4.8: Cross Section of a Coaxial Line
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If we setV,, =0 at #= I:I'[hen c=0 and 2

. i
At =g V=g
27T
We observe that as we make a complete lap around the current carrying conductor , we

reach % again but Vy, this time becomes

N SN
7= (v 2

We observe that value of V,, keeps changing as we complete additional laps to pass through
the same point. We introduced V, analogous to electostatic potential V. But for static electric

= Edl=10 =
fields, VxH=03nd (P , Whereas for steady magnetic field W xH = Owherever
7 Hedi=1 7
= Uput CP evenif =0 along the path of integration.

We now introduce the vector magnetic potential which can be used in regions where
current density may be zero or nonzero and the same can be easily extended to time varying
cases. The use of vector magnetic potential provides elegant ways of solving EM field
problems.

= ~ V.(Vxd)=0
Since ¥-& = Uand we have the vector identity that for any vector A, ( )

write & =V »x A,

, We can

Here, the vector field 4 is called the vector magnetlc potential. Its Sl unit is Wb/m. Thus if

can find A of a given current distribution, B can be found from ﬂthrough a curl operation.

We have introduced the vector function <1 and related its curl to £ . A vector function is

defined fully in terms of its curl as well as divergence. The choice of V.4 s made as follows.

TRVHA= (T H = uf

—~ =
By using vector identity, R R A= A =N (4.25)
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Great deal of simplification can be achieved if we choose V.A=0

— 2_" - _ -
Putting V.A=10 , we get Vid=—ud which is vector poisson equation.
In Cartesian coordinates, the above equation can be written in terms of the components as

2 = —
R e (4.273)
K Ry (4.27b)
34
K e (4.27¢)

for which the solution is

V=—41 J‘%dv' R=|r—r'|
L (4.29)
— ar
WoA=pe—
In case of time varying fields we shall see that d2 | which is known as Lorentz

condition, V being the electric potential. Here we are dealing with static magnetic field, so
W.A=10

By comparison, we can write the solution for Ax as
J

A = H Y
dmrd R

Computing similar solutions for other two components of the vector potential, the vector
potential can be written as

E=£ ici’v'
dmd K

This equation enables us to find the vector potential at a given point because of a volume

current density J Similarly for line or surface current density we can write
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i

Am g R respectively. ......ccooeveevveeineeenne, (4.33)

The magnetic flux wthrough a given area S is given by

W= lgdg
............................................. (4.34)
Substituting & =% *4
w=lvxﬁd5=$ﬁdi
......................................... (4.35)

Vector potential thus have the physical significance that its integral around any closed path is
equal to the magnetic flux passing through that path.

Boundary Condition for Magnetic Fields:

Similar to the boundary conditions in the electro static fields, here we will consider the

behavior of £ and # at the interface of two different media. In particular, we determine how
the tangential and normal components of magnetic fields behave at the boundary of two
regions having different permeabilities.

The figure 4.9 shows the interface between two media having permeabities Hiand , P
being the normal vector from medium 2 to medium 1.

Medium |

=7
=7
=y
T
=

M2 Medium 2

Figure 4.9: Interface between two magnetic media

To determine the condition for the normal component of the flux density vector B we
consider a small pill box P with vanishingly small thickness h and having an elementary area
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L5 for the faces. Over the pill box, we can write

$ Bds=0
s (4.36)
Since h --> 0, we can neglect the flux through the sidewall of the pill box

I §1.d§1 +‘r Ez.dEg =0

us g T, (4.37)
L . dfa- .;fs[—m]

doy=dSasang 0N J. (4.38)

| BudS [ BudS=0
where

Bu=8ran g =Bt (4.39)
Since £&5'is small, we can write

(B — B JAS =10

or, N (4.40)

That is, the normal component of the magnetic flux density vector is continuous across the
interface.

In vector form,

;x.(§1_§2)=0

To determine the condition for the tangential component for the magnetic field, we consider a
closed path C as shown in figure 4.8. By applying Ampere's law we can write

Since h -->0,
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n "y

We have shown in figure 4.8, a set of three unit vectors %, @ and % #such that they satisfy

fay fay fay A fay

dr =dpedr (R H. rule). Here #tis tangential to the interface and # #is the vector
perpendicular to the surface enclosed by C at the interface

The above equation can be written as
HiNa-HyNa =1=J N

or, Hy=Hu =T o (4.44)

i.e., tangential component of magnetic field component is discontinuous across the interface
where a free surface current exists.

If Js = 0, the tangential magnetic field is also continuous. If one of the medium is a perfect
conductor Jg exists on the surface of the perfect conductor.

In vector form we can write,
(El —Ez).m&f
=|i§1 —Ez).[.ﬂpxam]ﬁf

o

= o —Jsap
Therefore,

SMX(E1 —Ez) = }s

ASSIGNMENT PROBLEMS

1. Aninfinitely long conductor carries a current | A is bent into an L shape and placed
as shown in Fig. P.4.7. Determine the magnetic field intensity at a point P (0,0, a).
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Figure P.4.7

2. Consider a long filamentary carrying a current IA in the + Z direction. Calculate the
magnetic field intensity at point O (- a, a,0). Also determine the flux through this

region described by ALpLod= Ijand —hiush

3. A very long air cored solenoid is to produce an inductance 0.1H/m. If the member of
turns per unit length is 1000/m. Determine the diameter of this turns of the solenoid.

4. Determine the force per unit length between two infinitely long conductor each
carrying current IA and the conductor are separated by a distance ?d .

Unit IV Electrodynamic fields

Introduction:

In our study of static fields so far, we have observed that static electric fields are produced by
electric charges, static magnetic fields are produced by charges in motion or by steady
current. Further, static electric field is a conservative field and has no curl, the static
magnetic field is continuous and its divergence is zero. The fundamental relationships for
static electric fields among the field quantities can be summarized as:

VxE=0 (5.1a)

(5.1b)

D=¢E (5.1c)

Similarly for the magnetostatic case
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VH=1 (5.2a)

VxH=J (5.2b)

(5.2¢)

It can be seen that for static case, the electric field vectors £ and £ and magnetic field

vectors & and #£ form separate pairs.

In this chapter we will consider the time varying scenario. In the time varying case we will
observe that a changing magnetic field will produce a changing electric field and vice versa.

We begin our discussion with Faraday's Law of electromagnetic induction and then present
the Maxwell's equations which form the foundation for the electromagnetic theory.

Faraday's Law of electromagnetic Induction

Michael Faraday, in 1831 discovered experimentally that a current was induced in a
conducting loop when the magnetic flux linking the loop changed. In terms of fields, we can
say that a time varying magnetic field produces an electromotive force (emf) which causes a
current in a closed circuit. The quantitative relation between the induced emf (the voltage
that arises from conductors moving in a magnetic field or from changing magnetic fields) and
the rate of change of flux linkage developed based on experimental observation is known as
Faraday's law. Mathematically, the induced emf can be written as

_4¢
Emf= & Volts (5.3)

where G}is the flux linkage over the closed path.
dg
A non zero < may result due to any of the following:
(a) time changing flux linkage a stationary closed path.
(b) relative motion between a steady flux a closed path.
(c) a combination of the above two cases.
The negative sign in equation (5.3) was introduced by Lenz in order to comply with the
polarity of the induced emf. The negative sign implies that the induced emf will cause a
current flow in the closed loop in such a direction so as to oppose the change in the linking

magnetic flux which produces it. (It may be noted that as far as the induced emf is
concerned, the closed path forming a loop does not necessarily have to be conductive).
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If the closed path is in the form of N tightly wound turns of a coil, the change in the magnetic
flux linking the coil induces an emf in each turn of the coil and total emf is the sum of the
induced emfs of the individual turns, i.e.,

_ydd
Emf= d:  Volts (5.4)

By defining the total flux linkage as

A= (5.5)

The emf can be written as

_d
Emf= dt (5.6)

Continuing with equation (5.3), over a closed contour 'C' we can write

$ Edi
Emf: o (57)

where & is the induced electric field on the conductor to sustain the current.

Further, total flux enclosed by the contour 'C ' is given by

&= lﬁ.dg
(5.8)
Where S'is the surface for which 'C" is the contour.
From (5.7) and using (5.8) in (5.3) we can write
- - a -
(P Edi =——cj5 Bds
“ df 4% (5.9)
By applying stokes theorem
ITXE&?E= ! B3
. 5 ot (5.10)

Therefore, we can write

o (5.11)
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which is the Faraday's law in the point form

d¢

We have said that non zero < can be produced in a several ways. One particular case is
when a time varying flux linking a stationary closed path induces an emf. The emf induced in
a stationary closed path by a time varying magnetic field is called a transformer emf .

Example: Ideal transformer

As shown in figure 5.1, a transformer consists of two or more numbers of coils coupled
magnetically through a common core. Let us consider an ideal transformer whose winding
has zero resistance, the core having infinite permittivity and magnetic losses are zero.

[——— ¢@
fmfl) _1
- - &
R = |
AT €1 {t)F— R N . e (i
) i L — [ I
) \
Primary
winding Secondary
winding

Fig 5.1: Transformer with secondary open

These assumptions ensure that the magnetization current under no load condition is
vanishingly small and can be ignored. Further, all time varying flux produced by the primary
winding will follow the magnetic path inside the core and link to the secondary coil without
any leakage. If N; and N, are the number of turns in the primary and the secondary windings
respectively, the induced emfs are

8 =M ¢
P a (5.12a)

- 4
di (5.12b)

(The polarities are marked, hence negative sign is omitted. The induced emf is +ve at the
dotted end of the winding.)

(5.13)
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i.e., the ratio of the induced emfs in primary and secondary is equal to the ratio of their turns.
Under ideal condition, the induced emf in either winding is equal to their voltage rating.

noM_,
v M (5.14)

where 'a' is the transformation ratio. When the secondary winding is connected to a load, the
current flows in the secondary, which produces a flux opposing the original flux. The net flux
in the core decreases and induced emf will tend to decrease from the no load value. This
causes the primary current to increase to nullify the decrease in the flux and induced emf.
The current continues to increase till the flux in the core and the induced emfs are restored to
the no load values. Thus the source supplies power to the primary winding and the
secondary winding delivers the power to the load. Equating the powers

BV =iy (5.15)

hon_a_ M

vy o8 N (5.16)
Further,
By =i =0 (5.17)

i.e., the net magnetomotive force (mmf) needed to excite the transformer is zero under ideal
condition.

Motional EMF:

Let us consider a conductor moving in a steady magnetic field as shown in the fig 5.2.

=1 05

Fig 5.2

If a charge Q moves in a magnetic field B it experiences a force

(5.18)
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This force will cause the electrons in the conductor to drift towards one end and leave the
other end positively charged, thus creating a field and charge separation continuous until
electric and magnetic forces balance and an equilibrium is reached very quickly, the net
force on the moving conductor is zero.

=y B

can be interpreted as an induced electric field which is called the motional electric

L !

field

—

Bw =vx B (5.19)

If the moving conductor is a part of the closed circuit C, the generated emf around the circuit
_ EP v Bdf _ . .
is J¢ . This emf is called the motional emf.

A classic example of motional emf is given in Additonal Solved Example No.1 .

Maxwell's Equation

Equation (5.1) and (5.2) gives the relationship among the field quantities in the static field.
For time varying case, the relationship among the field vectors written as

T.f'x__é = —E

ot (5.20a)
VxH =7 (5.20b)
v.D=p (5.20¢)
vE=0 (5.20d)

In addition, from the principle of conservation of charges we get the equation of continuity

= i
vi--2£
ot (5.21)
The equation 5.20 (a) - (d) must be consistent with equation (5.21).

We observe that

VVRH=0=VJ (5.22)

Since ¥V *4js zero for any vector 4.
60
— - =0
Thus ¥ *H =J applies only for the static case i.e., for the scenario when o
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A classic example for this is given below .

Suppose we are in the process of charging up a capacitor as shown in fig 5.3.

A hi'n;-H:li l.uup

e

Balloon shaped

surinee
A =

Fig 5.3

Let us apply the Ampere's Law for the Amperian loop shown in fig 5.3. I,.,,. = I is the total
current passing through the loop. But if we draw a baloon shaped surface as in fig 5.3, no
current passes through this surface and hence I,,,. = 0. But for non steady currents such as
this one, the concept of current enclosed by a loop is ill-defined since it depends on what
surface you use. In fact Ampere's Law should also hold true for time varying case as well,
then comes the idea of displacement current which will be introduced in the next few slides.

We can write for time varying case,

v. (WE) _0=vF+ 2
at
— a —
=V I+ w0
3t
~ 3D
B R
(5.23)
vxH =7+
0f (5.24)

The equation (5.24) is valid for static as well as for time varying case.
Equation (5.24) indicates that a time varying electric field will give rise to a magnetic field
a0
. 7 N o (A
even in the absence of ¥ . The term @ has a dimension of current densities and is
called the displacement current density.
a0
Introduction of 9¢ in ¥ * /7 equation is one of the major contributions of Jame's Clerk
Maxwell. The modified set of equations
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‘Fx__._ﬁf =__"_
ot (5.25a)
TxF =F+ 22
dt (5.25b)
V.li=p (5.25¢)
V.B=0 (5.25d)

is known as the Maxwell's equation and this set of equations apply in the time varying

&
2. D]
scenario, static fields are being a particular case (af‘ .
In the integral form
P Edi= | 98 %
¢ ol (5.26a)
cjfﬁﬁ..:ff=‘|‘ 7+82 .d§=f+f 90 %
‘ N s o (5.26h)
VDdv=¢ DdS =
[P =g DS = [ odv (5.260)
cPE..:fE‘ =0
(5.26d)

The modification of Ampere's law by Maxwell has led to the development of a unified
electromagnetic field theory. By introducing the displacement current term, Maxwell could
predict the propagation of EM waves. Existence of EM waves was later demonstrated by
Hertz experimentally which led to the new era of radio communication.

Boundary Conditions for Electromagnetic fields

The differential forms of Maxwell's equations are used to solve for the field vectors provided
the field quantities are single valued, bounded and continuous. At the media boundaries, the
field vectors are discontinuous and their behaviors across the boundaries are governed by
boundary conditions. The integral equations(egn 5.26) are assumed to hold for regions
containing discontinuous media.Boundary conditions can be derived by applying the
Maxwell's equations in the integral form to small regions at the interface of the two media.
The procedure is similar to those used for obtaining boundary conditions for static electric
fields (chapter 2) and static magnetic fields (chapter 4). The boundary conditions are
summarized as follows
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With reference to fig 5.3

&% (B - E;) =0 5.27(a)
& (D~ 1) = s 5.27(8)
&, (B~ Hy) =5 5.27(c)
a, (B - 8;) =0 5.27(d)

. 2
Regiof =

Fig 5.4

Equation 5.27 (a) says that tangential component of electric field is continuous across the
interface while from 5.27 (c) we note that tangential component of the magnetic field is
discontinuous by an amount equal to the surface current density. Similarly 5.27 (b) states

that normal component of electric flux density vector Dis discontinuous across the interface
by an amount equal to the surface current density while normal component of the magnetic

flux density is continuous.
If one side of the interface, as shown in fig 5.4, is a perfect electric conductor, say region 2, a

—_—

surface current Js can exist even though £ is zero as™@ =
Thus eqn 5.27(a) and (c) reduces to

a, < H =7, (5.28(a))
a, X E =0 (5.28(2))

Wave equation and their solution:

From equation 5.25 we can write the Maxwell's equations in the differential form as

vxH =F+22
dt
«F--28
el
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Let us consider a source free uniform medium having dielectric constant £, magnetic
permeability “ and conductivity & . The above set of equations can be written as

—

)
v><H=¢rE+eE (5.29(a)]
-  3H
VxE=-u== 5.29 (b
<Fe-u?l (529(9)
v E=0 5.29(c))
vV H=0 (5.29(d))

Using the vector identity ,
VAV A=V (V- 4)-74
We can write from 5.29(b)

vxvx§=v-[v-_g’)—v3§

7
i

— - 3 —
N v-(v-g)—vﬂg— ga(vm‘)

Substituting ¥ *# from 5.29(a)

N af - aE
v (‘?- E)-V'E=-u_|cE+ve—
dt &
But in source free medium ¥ & =0 (egn 5.29(c))
=
ViE = ,m:ra— + ﬂfg
ot (5.30)

In the same manner for equation eqn 5.29(a)
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v><v><§=v-(v-§)—vzﬁ

- cr(?x_}f) + E%(TX Ef)
=T —{{_{E +Ei —{{_{E]
¢ ot ot

Since ' = Ufrom egn 5.29(d), we can write

— aH FH
VIH = po| —=— |+ ue| —
¢ ot
(5.31)
These two equations
2
ViE =,.:J.f.::r—'E+,.m5'—a f
ot
— aH FH
VAH = po| — |+ ue
H [ a | Y| e

are known as wave equations.

It may be noted that the field components are functions of both space and time. For example,

. . . . EandH . E £
if we consider a Cartesian co ordinate system, Eand A essentially represents [x,y,z, )

—_

H[x,y,z,.ﬁ)

—

and . For simplicity, we consider propagation in free space , i.e. & = L ,“'H Bl

and £~ 50 The wave egn in equations 5.30 and 5.31 reduces to

VIE = e, %] 15.32(a)]
1
= (3°H
VIH = 8, - ] (5.32(b))
L

Further simplifications can be made if we consider in Cartesian co ordinate system a special
case where EandH are considered to be independent in two dimensions, say Eand are

assumed to be independent of y and z. Such waves are called plane waves.

From egn (5.32 (a)) we can write
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ax

A _ AE
4y a2

The vector wave equation is equivalent to the three scalar equations

—_ f e

FE *E,
352 = Ep My Az (5'33[‘1))
L .
aE. EN
L ¥ 5,334
PRI v (5.23(2))
v !
EE'; FBEEXP‘I
axg = Eﬂr'ui:l afﬂ (533[6))

Since we have ¥ ' & = D,

D s L (5.34)
dx dy Az

As we have assumed that the field components are independent of y and z egn (5.34)
reduces to

35, _,

olx (5.35)

i.e. there is no variation of E, in the x direction.

2
35, _, 5, _,

2
Further, from 5.33(a), we find that &%  implies & which requires any three of the
conditions to be satisfied: (i) £,=0, (ii)£\ = constant, (iii)E, increasing uniformly with time.

A field component satisfying either of the last two conditions (i.e (ii) and (iii))is not a part of a
plane wave motion and hence E is taken to be equal to zero. Therefore, a uniform plane
wave propagating in x direction does not have a field component (£ or H) acting along x.

Without loss of generality let us now consider a plane wave having £, component only
(Identical results can be obtained for £, component) .

The equation involving such wave propagation is given by
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Y= e ? (5.36)

The above equation has a solution of the form

B, = Alx—vt) + folx+w) (5.37)

1
v =

1]
where ok

Thus equation (5.37) satisfies wave eqgn (5.36) can be verified by substitution.

Alx =) corresponds to the wave traveling in the + x direction while Falx+wi)
corresponds to a wave traveling in the -x direction. The general solution of the wave eqn thus
consists of two waves, one traveling away from the source and other traveling back towards
the source. In the absence of any reflection, the second form of the egn (5.37) is zero and
the solution can be written as

B = Alx—w) (5.38)

Such a wave motion is graphically shown in fig 5.5 at two instances of time t; and t.

fiix - valr)

k|

fifx = vailz)

Fig 5.5 : Traveling wave in
the + x direction

Let us now consider the relationship between E and H components for the forward traveling
wave.

§=§Ey =5::j1 (x = vt

Since Y and there is no variation along y and z.
- 3,
W E =g ——
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Since only z component of VR E exists, from (5.29(b))

0F aH

L z

ox ot (5.39)

and from (5.29(a)) with & = 0, only H, component of magnetic field being present

Tx T = _&; g5,
dx
AH, dz,
- =g,—2
ox ok (5.40)
Substituting E, from (5.38)
f =g —— =gV x—wt
ax ey Vo1 [ ot )
aH 1 :
—L=g A [x—vu.ﬁj
dx J,{J,:,ED
£ :
H_= ’—E' A (x—wtldx+e
% I 1 0
&y o0
= = | — Ffdx+
,{,{,:,-r xfl x+c

= if1+c
'|.|P-’n
Hy= |25 +¢
Ly

The constant of integration means that a field independent of x may also exist. However, this
field will not be a part of the wave motion.

2= [0,
s
Hence (5.41)

which relates the £ and H components of the traveling wave.

E
2= 2= | 21007 or 37702
Hx IE-IZI
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_ }ﬁu
£y —
f is called the characteristic or intrinsic impedance of the free space
ASSIGNMENT PROBLEMS

2
1. Arectangular loop of area axh m rotates at ¥ rad/s in a magnetic fields of B

Whb/m? normal to the axis of rotation. If the loop has N turns determine the induced
voltage in the loop.

2. If the electric field component in a nonmagnetic dielectric medium is given by
£=5010g(10°% - 8x)4,
determine the dielectric constant and the corresponding A .
3. Avector field A in phasor form is given by
A= Faye i
Express A in instantaneous form.

Unit V Electromagnetic waves

In the previous chapter we introduced the equations pertaining to wave propagation and
discussed how the wave equations are modified for time harmonic case. In this chapter we
discuss in detail a particular form of electromagnetic wave propagation called ‘plane waves'.
The Helmhotz Equation:

In source free linear isotropic medium, Maxwell equations in phasor form are,
TxE = - jould TxE=0
VxH = jock Tx G =0
UXVXE =v(v><?§) -V E=_jouNxH
or, ~TE = —jaul jocE)

or ViE+afuck =0
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or. VE+E'E = 0yhere & = @ke

—_—

An identical equation can be derived for i,
e, VH+KH=0

These equations

are called homogeneous vector Helmholtz's equation.

k= PHE s called the wave number or propagation constant of the medium.

Plane waves in Lossless medium:

In a lossless medium, gand u are real numbers, so k is real.

In Cartesian coordinates each of the equations 6.1(a) and 6.1(b) are equivalent to three
scalar Helmholtz's equations, one each in the components Ey, Ey and E, or Hy , Hy, H,.

For example if we consider Ex component we can write

2 2 2
a§“+a E;_I_B E;'?f+,ic3,§x=[j

A uniform plane wave is a particular solution of Maxwell's equation assuming electric field
(and magnetic field) has same magnitude and phase in infinite planes perpendicular to the
direction of propagation. It may be noted that in the strict sense a uniform plane wave
doesn't exist in practice as creation of such waves are possible with sources of infinite
extent. However, at large distances from the source, the wavefront or the surface of the
constant phase becomes almost spherical and a small portion of this large sphere can be
considered to plane. The characteristics of plane waves are simple and useful for studying
many practical scenarios.

Let us consider a plane wave which has only E, component and propagating along z . Since
the plane wave will have no variation along the plane perpendicular to z i.e., Xy plane,
dF, _dF, _ q

g dy

. The Helmholtz's equation (6.2) reduces to,
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The solution to this equation can be written as

B,(2) = B (@) + B, ()

+ -
By & &y are the amplitude constants (can be determined from boundary conditions).

= Jwt
In the time domain, £x (£ = Re(&,(z)e™)

£x(z,8) = B cos(at —kz)+ B cos (@t + iz

B &E;
assuming are real constants.

+ _ + _
Here, £x (2.2) = &y cos(ar - fz) represents the forward traveling wave. The plot of

+
£x (2:8) for several values of t is shown in the Figure 6.1.

” \

Figure 6.1: Plane wave traveling in the + z direction

As can be seen from the figure, at successive times, the wave travels in the +z direction.

If we fix our attention on a particular point or phase on the wave (as shown by the dot) i.e. ,
wt=kz = constant

Then we see that as t is increased to £ + &4 , Z also should increase to £ +42 50 that
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ait+ A8 —ki(z + A7) = constant = @ — Sz

Or, ﬁlﬂi=kﬁz
L_@
or, & k
.M e
litn — =

we write £ & dt = phase velocity "¥ .

||vP=

Gl =

If the medium in which the wave is propagating is free space i.e., €S8 HT M
i 1
V. =

Then ’ Daf &y ='\|'.H|:|ED

Where 'C' is the speed of light. That is plane EM wave travels in free space with the speed
of light.

-C

The wavelength A is defined as the distance between two successive maxima (or minima or
any other reference points).

(@ -kz)-[a@~k(z+ )] =2m

ie.,
P
or, k
e @
Substituting Ve,
1= 27V _ve
arf f
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Thus wavelength A also represents the distance covered in one oscillation of the wave.

I £ lzi1=E at + iz S . .
Similarly, {Z’ ) o ms{ ) represents a plane wave traveling in the -z direction.

The associated magnetic field can be found as follows:

From (6.4),
Ey (2) = Bte gy
H--_LvxE
S
ar  ay as
1 el
=—| 0 [y —
Jaris Az
E'™™ 0 0
iEﬂ+g_Jk&
= @
EIZI é‘_‘”zﬂy =H|:|+ —j.ix&y
=" (6.8)
g QMo i
.fﬂg £ . e .
where is the intrinsic impedance of the medium.

When the wave travels in free space

m = 1P = 1207 - 37702
Fo is the intrinsic impedance of the free space.

In the time domain,

Which represents the magnetic field of the wave traveling in the +z direction.

For the negative traveling wave,
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E_{z, £) = -a, E'? Cos [a.‘r.ﬁ + ﬁz:l

For the plane waves described, both the E & H fields are perpendicular to the direction of
propagation, and these waves are called TEM (transverse electromagnetic) waves.

The E & H field components of a TEM wave is shown in Fig 6.2.

|.II

Figure 6.2 : E & H fields of a particular plane wave at time t.

TEM Waves:

So far we have considered a plane electromagnetic wave propagating in the z-direction. Let
us now consider the propagation of a uniform plane wave in any arbitrary direction that
doesn't necessarily coincides with an axis.

For a uniform plane wave propagating in z-direction

= o i
E(z) = e ’E“isaconstantvector ........................... (6.11)

The more general form of the above equation is

E [x, y,z) = Fog T itwih

VI el
This equation satisfies Helmholtz's equation VIE+HEE=0 provided,

kA it =i = ue
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_..= o + i + N _ o
We define wave number vector k= ak, % k—" A (6.14)

And radius vector from the origin

Therefore we can write
—_— =+ — 'E_ — 'ﬁ.'-ﬁ =
- r - r
E(r) = Bug " = Eog 7™

Here = ¥ =constant is a plane of constant phase and uniform amplitude just in the case of
E(z) = Fpe™™
z =constant denotes a plane of constant phase and uniform amplitude.

If the region under consideration is charge free,

TE=0

7 [fii) = Avi+ v A

Using the vector identity and noting that £js constant we can

write,

B0V [E'ﬁ:"" ';] =)

ar, Eu_ if;; + ic;; + if;x Q_J]:R‘xx""&v}""-‘:txj ~0
dx iy Az

or,En. [—jﬁ:axe_ﬁﬂ"'r] =

ie., Fujs transverse to the direction of the propagation.

The corresponding magnetic field can be computed as follows:
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E(;) i _ﬁ'\_f’xf(;) =" ﬁ?x (EDE-J'E.F)

Using the vector identity,

?X(WH) = U XA+ e A

Since Ey is constant we can write,

B = - v F,
Jou
= ——_1 - 'kalxﬁue_jkﬂ“ ';:I
J@u
-k <E(7)
@t

H(r)=;ak><E(r)

Where 7 is the intrinsic impedance of the medium. We observe that Air) is perpendicular to

Hr

P —

. E[7) . E(r)
both ™* and . Thus the electromagnetic wave represented by and
wave.

isa TEM

Plane waves in a lossy medium :

In a lossy medium, the EM wave looses power as it propagates. Such a medium is
conducting with conductivity & and we can write:

VxH =3+jm€§ =[J+j&:r£)§

Cr —
=ja|le+— |E
gt
sJjesE (6.19)
> J 1 : n
E =8—j—=§&-jF
Where at is called the complex permittivity.

We have already discussed how an external electric field can polarize a dielectric and give
rise to bound charges. When the external electric field is time varying, the polarization vector
will vary with the same frequency as that of the applied field. As the frequency of the applied
filed increases, the inertia of the charge patrticles tend to prevent the particle displacement
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keeping pace with the applied field changes. This results in frictional damping mechanism
causing power loss.

In addition, if the material has an appreciable amount of free charges, there will be ohmic
losses. It is customary to include the effect of damping and ohmic losses in the imaginary

part of . An equivalent conductivity & = @ & " represents all losses.

&

The ratio £ is called loss tangent as this quantity is a measure of the power loss.

ja‘ = jmsﬁ

Fig 6.3 : Calculation of Loss Tangent

With reference to the Fig 6.3,

"_ff a =
tE1.t15=_..—=—=—
|,_JT§| gre £

where ¥ ¢is the conduction current density and Jajs displacement current density. The loss
tangent gives a measure of how much lossy is the medium under consideration. For a good

(o @), tan &5

dielectric medium is very small and the medium is a good conductor if

0 = @ , :
[ ) . A material may be a good conductor at low frequencies but behave as lossy

dielectric at higher frequencies.
For a source free lossy medium we can write

VxH=(a+ joec)E V.H=0
VxE=—jauH VE=0
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VXTXE =‘E’(?’E) ~7E = - xH = -_,.r'm,u[cwjmsjg
or,TEE— ygﬁ =]
hero = 047+ 02

Proceeding in the same manner we can write,

VH -y H =0

=g+if= ijﬂ ot j@g) J&?J_[1+—]

JaE

is called the propagation constant.

The real and imaginary parts & and 8 of the propagation constant ¥ can be computed as
follows:

. =[<:1*+z';3j2 = jau(a+ joe)

or, ot — 8= -t ur

ar.dat +dat e’ pe = @ uto?

ardat vt ue+ atifet = ot ot vt e

ar,[Er:E:‘ +.:z:r:*,.54r5')2 =gt [1+ ;;]

................... (6.23a)
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,m%Nl[?E]ll

g
Similarly v L~ X (6.23b)

Let us now consider a plane wave that has only x -component of electric field and propagate
along z .

" Be(2) = (Be T+ Be)a,

................................... (6.24)
Considering only the forward traveling wave
E‘[z,z) =Ee (E{E“ﬁgj‘ur)ax
= Ey'e" cos (@t - Bz )a, (6.25)
— 1 —
F=——VrE
Similarly, from JEEH , we can find
s EI:I —E o
#lz,£)= =& “cos(at - fz)a,
e, (6.26)
. _
R e
Where arjas
R el P cos(wi - fz-8,)a,
I (6.27)

From (6.25) and (6.26) we find that as the wave propagates along z, it decreases in

—_T - -
amplitude by a factor € . Therefore @ is known as attenuation constant. Further £ and £

are out of phase by an angle g".

e
— <41 ) .
For low loss dielectric, &€ e, £ =8

Using the above condition approximate expression for & and ﬁcan be obtained as follows:

nliz

y=a+if= jofue [1—35—,
=
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& phase velocity

a
— 21
For good conductors &£

We have used the relation

From (6.31) we can write

a+if=JFfuc + j\7fuc
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£ O a
P ari
- (1) -
..................... (6.33)
And phase velocity
@ 2w
V== —
g Nuo (6.34)

Poynting Vector and Power Flow in Electromagnetic Fields:

Electromagnetic waves can transport energy from one point to another point. The electric
and magnetic field intensities asscociated with a travelling electromagnetic wave can be
related to the rate of such energy transfer.

Let us consider Maxwell's Curl Equations:

‘Fxﬁ=—ﬁ
2t
vx g =7+ 22
ehs

Using vector identity

the above curl equations we can write

‘?.(EXE) ——H—-E|J+



http://learnengineering.in

or, V.(ExH)=-H 2 -F7-5
4 e, (6.35)

In simple medium where S Hand T are constant, we can write

g8 (1
a a2

Applying Divergence theorem we can write,

— —+

(EKH)..:;EE=—E Yol |av - (ortar
a2 2

g leE%l g dr
gl 2 2

The term represents the rate of change of energy stored in the

JJE%?V
electric and magnetic fields and the term represents the power dissipation within

the volume. Hence right hand side of the equation (6.36) represents the total decrease in
power within the volume under consideration.

§(2xE)aF - gPas

The left hand side of equation (6.36) can be written as where

—

F=HExH (W/mt?) is called the Poynting vector and it represents the power density vector
associated with the electromagnetic field. The integration of the Poynting vector over any
closed surface gives the net power flowing out of the surface. Equation (6.36) is referred to
as Poynting theorem and it states that the net power flowing out of a given volume is equal to
the time rate of decrease in the energy stored within the volume minus the conduction
losses.

Poynting vector for the time harmonic case:

. . . L. . St
For time harmonic case, the time variation is of the form € |, and we have seen that

. L . Jot
instantaneous value of a quantity is the real part of the product of a phasor quantity and ¢
when ©95 & js ysed as reference. For example, if we consider the phasor


http://learnengineering.in

E(z)=a,E,(z) =a, B

then we can write the instanteneous field as

E(zit)~Re [E[ZjI QM] = Bycos{ar - fz) oo (6.37)

when E, is real.
Let us consider two instanteneous quantities A and B such that

A=Fe (ﬂej"’t:l = |ﬂ||:os [mﬁ + {,E)

A =FRe (Eé‘jﬂ:l = |B| cos (@t + §)

where A and B are the phasor quantities.

A =]d]e
l.e,

B =|Ble”
Therefore,

AR = |A|cos|[mif + &)|B|cos|{mﬁ + ﬁ)
- %|ﬂ||3|[cos[a’— 8)+ cos (20t +a+ )]

=27

Since 4 and B are periodic with period @ | the time average value of the product form
AB, denoted by AEB can be written as

— 1f
AR = —Jﬂﬂcﬁ
ri
a5 =%|ﬂ||3|cos[cr— £)

Further, considering the phasor quantities 4 and B, we find that
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45" =|Ale7 e = Al

Re(AB') =|4||8|cos (@~ 8)

and , where * denotes complex conjugate.

— 1 .
HHB=§R%AB)

The poynting vector F=H%H canpe expressed as

P-a,(EH,-EH,) va,(BH, - EH,) va,(EH, - EH,)

If we consider a plane electromagnetic wave propagating in +z direction and has only =
component, from (6.42) we can write:

— o

Fr=E [z,f)H_v [z,f)a%

Using (6.41)

oy = - Re [E (2)H, (2)a, ]

fay

Hiz)=H,(2)a

Ll

E(z) = E (2)a

where * and * , for the plane wave under consideration.

For a general case, we can write

Pw = lRe (EK H )
20, (6.44)

We can define a complex Poynting vector

I—

S=_ExH
9

. . . . . A_D.-m' =FEe (SJ
and time average of the instantaneous Poynting vector is given by .

Polarisation of plane wave:
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The polarisation of a plane wave can be defined as the orientation of the electric field vector

as a function of time at a fixed point in space. For an electromagnetic wave, the specification
of the orientation of the electric field is sufficent as the magnetic field components are related
to electric field vector by the Maxwell's equations.

Let us consider a plane wave travelling in the +z direction. The wave has both E, and E,
components.

—

Ll L3 .
= —JET
A= [ax B, ta, E‘,J,]e

The corresponding magnetic fields are given by,

— F—

H=—axE
i
=lc;><[c;E +can ]e"?ﬁx
7 5 ¥ e ¥ oy

1 o o )
= —[—Eﬂy a, +t 2 ax]g_‘w
A

Depending upon the values of £, and E,, we can have several possibilities:
1. If E,, = 0, then the wave is linearly polarised in the x-direction.
2. If E,, = 0, then the wave is linearly polarised in the y-direction.

3. If E,, and E,, are both real (or complex with equal phase), once again we get a linearly
Iy

-1 =0
tat La

polarised wave with the axis of polarisation inclined at an angle o , With respect to
the x-axis. This is shown in fig 6.4.



http://learnengineering.in

Fig 6.4 : Linear Polarisation

4. If Eox and Eoy are complex with different phase angles,  will not point to a single spatial
direction. This is explained as follows:

Lot For = 1Eale

5, |2, "
Then,
B (2,00 = Re[|B,|e"e ™™ = |B, [cos (@t - 62+ a)

e
E.|e 1)

e a

) 1=k
and »(2.8) E[

—.r;r?xé..r'r-'t] -

e |

To keep the things simple, let us consider a =0 and
the electric field on the z =0 plain.

. Further, let us study the nature of

From equation (6.46) we find that,

B (o.8) =|E,|cos ax

K
cos|aE+—| =

)

¥

E,(0,8) =

£,

[— sifl -:‘rr.tj
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2 .2
=cos” @ +an” gf =1

Ex[a,.ﬁj]z_i_ E, (o.t) i

E B
2 | "J’| ..................................... (6.47)
and the electric field vector at z = 0 can be written as
) =|&,,|cos { a a = | B, |sin (@t )a,
............................................. (6.48)
E E(o.t
Assuming | "”| “1 the plot of [G’ )for various values of tis hown in figure 6.5.
.
i
i=3mlw
Eox
p—— - -"
= a'm =0
Eoy
= m e

Figure 6.5 : Plot of E(o,t)

From equation (6.47) and figure (6.5) we observe that the tip of the arrow representing
electric field vector traces gn ellipse and the field is said to be elliptically polarised.
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Figure 6.6: Polarisation ellipse

The polarisation ellipse shown in figure 6.6 is defined by its axial ratio(M/N, the ratio of

semimajor to semiminor axis), tilt angle Ef'{‘r(orientation with respect to xaxis) and sense of
rotation(i.e., CW or CCW).

Linear polarisation can be treated as a special case of elliptical polarisation, for which the
axial ratio is infinite.

E |=|E
In our example, if | "”| “1 from equation (6.47), the tip of the arrow representing electric

field vector traces out a circle. Such a case is referred to as Circular Polarisation. For circular
polarisation the axial ratio is unity.

S

l‘;/ =
~,

Sy

Figure 6.7: Circular Polarisation (RHCP)
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Further, the circular polarisation is aside to be right handed circular polarisation (RHCP) if
the electric field vector rotates in the direction of the fingers of the right hand when the thumb
points in the direction of propagation-(same and CCW). If the electric field vector rotates in
the opposite direction, the polarisation is asid to be left hand circular polarisation (LHCP)
(same as CW).

—

In AM radio broadcast, the radiated electromagnetic wave is linearly polarised with the E
field vertical to the ground( vertical polarisation) where as TV signals are horizontally
polarised waves. FM broadcast is usually carried out using circularly polarised waves.

In radio communication, different information signals can be transmitted at the same
frequency at orthogonal polarisation ( one signal as vertically polarised other horizontally
polarised or one as RHCP while the other as LHCP) to increase capacity. Otherwise, same
signal can be transmitted at orthogonal polarisation to obtain diversity gain to improve
reliability of transmission.

Behaviour of Plane waves at the inteface of two media:

We have considered the propagation of uniform plane waves in an unbounded
homogeneous medium. In practice, the wave will propagate in bounded regions where

several values of ' < will be present. When plane wave travelling in one medium meets a
different medium, it is partly reflected and partly transmitted. In this section, we consider
wave reflection and transmission at planar boundary between two media.

i

Medium 1 Medium 2

a4 0 &, je,

l E, I-Er
dr:ur Jii E’EI

r

£
Hi [ 2

Fig 6.8 : Normal Incidence at a plane boundary

Casel: Let z = 0 plane represent the interface between two media. Medium 1 is

characterised by [El’ ’Hl’Jlj and medium 2 is characterized by [Eﬂ”'r’{"* ’Jﬂ) )
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Let the subscripts 'i* denotes incident, '»' denotes reflected and '/ denotes transmitted field
components respectively.

The incident wave is assumed to be a plane wave polarized along x and travelling in medium

o

1 along “: direction. From equation (6.24) we can write

e TR (6.49.a)
— 1~ oz
H; [Z) = _axXE&J [Z:I =—fe™ cy
7 T, (6.49.b)
p = J@G
, . 1 :
where '1 =‘\/Jm’{'{1 (6 + @) and aries .

Because of the presence of the second medium at z =0, the incident wave will undergo
partial reflection and partial transmission.

Eal

The reflected wave will travel along s in medium 1.

The reflected field components are:

A (6.50a)
- ]. o = z
H.=—|-=a ]XE gl g =— N a,

™M L (6.50b)

The transmitted wave will travel in medium 2 along %z for which the field components are

— n
By=Egea

J@

@+ j@g

where 2 J"im’% (o + jog,) and
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In medium 1,
Fy=Bi+Bygng Hi=Hi+H,
and in medium 2,
By =FHigng Ha=H:

Applying boundary conditions at the interface z = 0, i.e., continuity of tangential field
components and noting that incident, reflected and transmitted field components are
tangential at the boundary, we can write

o Hi(0)+ Hr (0) = H: (0)

From equation 6.49 to 6.51 we get,

B e S R e (6.52a)
B B, _ B
LR OO (6.52b)
Eliminating £, ,
BB ligz,)
A 2
Eiﬁ' 1 _i = En? l l
or, o T o T
E, =TE,
or,
o= a7
Mt (6.53)

is called the reflection coefficient.

From equation (6.52), we can write
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is called the transmission coefficient.

We observe that,

T = 21y _ My It iy —1+T
Mt Mty (6.55)

The following may be noted

(@) both T and T are dimensionless and may be complex
< <

(i 0< | £1

Let us now consider specific cases:

Case I: Normal incidence on a plane conducting boundary

The medium 1 is perfect dielectric [Jl B D) and medium 2 is perfectly conducting [J:‘ - mj .

L= o
S
My =0

M =~J(fmﬁ‘1)[fm'51)
= Jaji e = i8

From (6.53) and (6.54)
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Hence the wave is not transmitted to medium 2, it gets reflected entirely from the interface to
the medium 1.

VE(z) = B e cz -E, o5 g , =—2jF sin ﬁlz.:;:

B (z.¢)=Re [_EJEW sin ﬁzej"’r]a: = 25, sin Sz sin @ ‘;x

& L T e e, (6.56)
Proceeding in the same manner for the magnetic field in region 1, we can show that,
- ~ 2E
Hi [z,.ﬁ) =a, —2cos Gzcos @
L e (6.57)

The wave in medium 1 thus becomes a standing wave due to the super posmon of a_

forward travelling wave and a backward travelling wave. For a given '¢’, both El and H lvary
sinusoidally with distance measured from z = 0. This is shown in figure 6.9.

ar = Tl

-——____‘_‘l

N N
V

»
Wl = @t = g2
fa) Ky versus g o= o
parmet
conauetor

/\X\/

(b) Hy versus 2 CH &2 e

Figure 6.9: Generation of standing wave

Zeroes of E;(z,t) and Maxima of Hy(z,1).

Maxima of E1(z,7) and zeroes of Hy(z,).
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soccur at Bz =-wm orz = —HE

i

L OCCUE at ﬁlz=—[2m+1)2 orz=—[2m+l) Lo n=012%2 .

N

Case2: Normal incidence on a plane dielectric boundary

If the medium 2 is not a perfect conductor (i.e. “ DE') partial reflection will result. There will

be a reflected wave in the medium 1 and a transmitted wave in the medium 2.Because of the
reflected wave, standing wave is formed in medium 1.

From equation (6.49(a)) and equation (6.53) we can write

Let us consider the scenario when both the media are dissipation less i.e. perfect dielectrics (
=0, e, =0

)
W o=JejiEg =08 = fa3
2]
Fo = J@HEy = 0 5 7 = %
p

In this case both “land 72 become real numbers.
B - auE, (9 4 o)
- &xﬁ'&, [[1 + Tjé—mx +T [me _ E—.r;ﬁnx:l)

= ax &, (Te™% + T(2jsin §2))
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From (6.61), we can see that, in medium 1 we have a traveling wave component with
amplitude TE;, and a standing wave component with amplitude 2JEj,.

The location of the maximum and the minimum of the electric and magnetic field components
in the medium 1from the interface can be found as follows.

The electric field in medium 1 can be written as

B = Qxiﬂe‘iﬁ'x (1 + Te‘ﬂﬁx)

.................. (6.62)
it 72 7 Mie 0
The maximum value of the electric field is
B = (1+T
| me [ ) .................. (6.63)
and this occurs when
28z, = —2nTT
R R »
Znwe E - 27 - 5 ’al
or A , n=0,1,2,3iei (6.64)
- B
The minimum value of is
B| =£,(1-T
| |mm [ j ................. (6.65)
And this occurs when
282y = ~(2n+ 1)
fun = - (204 1)
or 4 N=0,1,2, 3o (6.66)

For 2 < ie. I'<0

§1| 2 o11-
The maximum value of | is { )WhiCh occurs at the z,,, locations and the minimum

B m ey | | |
value of is which occurs at z,,« locations as given by the equations (6.64) and
(6.66).
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.

From our discussions so far we observe that | L’m can be written as

[ Fhwe _ 11T
= =
|E|mm 1- |r| (6.67)

The quantity S is called as the standing wave ratio.

0<r| <1
S

A the range of S is given by 1 24 =@

From (6.62), we can write the expression for the magnetic field in medium 1 as

—_— s E . .
Hy=ay =279 (1-Te"4)
oo, (6.68)
o P |
From (6.68) we find that
versa.
In medium 2, the transmitted wave propagates in the + z direction.

will be maximum at locations where iS minimum and vice

Oblique Incidence of EM wave at an interface

So far we have discuss the case of normal incidence where electromagnetic wave traveling
in a lossless medium impinges normally at the interface of a second medium. In this section
we shall consider the case of oblique incidence. As before, we consider two cases

i. When the second medium is a perfect conductor.
ii. When the second medium is a perfect dielectric.

A plane incidence is defined as the plane containing the vector indicating the direction of
propagation of the incident wave and normal to the interface. We study two specific cases
when the incident electric field Ziis perpendicular to the plane of incidence (perpendicular

polarization) and Eijs parallel to the plane of incidence (parallel polarization). For a general
case, the incident wave may have arbitrary polarization but the same can be expressed as a
linear combination of these two individual cases.

Obligue Incidence at a plane conducting boundary
i. Perpendicular Polarization

The situation is depicted in figure 6.10.
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A X

;:;_;Ff P Perlect Conducior
~ ..-""-'-'_‘-‘_'_‘_"'_ﬂf
ae

HI -Fd_._,.:—'_\—n.._‘_._,.r""'

i" _,-F"r'-‘-._\_‘-‘_‘_._'-"r" ?
G
G1=0 O, ==

Figure 6.10: Perpendicular Polarization

As the EM field inside the perfect conductor is zero, the interface reflects the incident plane

-~

wave. #»and “» respectively represent the unit vector in the direction of propagation of the

incident and reflected waves, 4 is the angle of incidence and & is the angle of reflection.

We find that

@ni = @z COS 8, + oy 5in &
G = @z COSE, Yaxsin 8,

Since the incident wave is considered to be perpendicular to the plane of incidence, which
for the present case happens to be xz plane, the electric field has only y-component.

Therefore,

—

Ei(x,z)= QJ,E!.‘,E—J"%”"-"
_ ayﬁgﬂé—jﬁl[xsmﬁiﬂccsﬂjj
The corresponding magnetic field is given by

J— 1 Fs —
Hi(x,z)=—|a, xEi(xz)
- ]

_ l[_ cos 8 ax +sin 5,-53] Eijé‘_.,i"ﬂl[xmnl%+zcns'5'jj
G

Similarly, we can write the reflected waves as
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—

Er(x,z)= a J,Ewé'_j’&lﬂ_" T
_ ayﬁ,mé—j,ﬁl(xsm&r—zcusﬁrj

Since at the interface z=o0, the tangential electric field is zero.

E,

i

E_J.ngxgn'ﬁ.i + Emé,_fﬁlxs}.'nﬁr =0

The condition §=8 is Snell's law of reflection.

—_—

B ()= 5 )

and Er [I,Z) =l QMF’KE?’[J{,Z)]

#

— 8 xeing;-zeosd |

E, 1~ ~
=2 -aycos& —czxsmé'-'i]e
6!

The total electric field is given by
En:x,z) = E (x.2) + B, (x.z)
= —a,2jE, sin (Hzcos 8, je_j’alxsm'%

Similarly, total magnetic field is given by

H (x,2)= —EE—*’ [&x cos & cos( Az cos Ei)e_*}.’&lmn% +as jsin & sin (Hzcosé, )e_"?.’ﬂlxsmgi ]

#

From eqns (6.76) and (6.77) we observe that

1. Along z direction i.e. normal to the boundary
y component of £ and x component of 7 maintain standing wave patterns according
to % Asz and “°° Az where Az = Bcosg . No average power propagates along z

as y component of & and x component of  are out of phase.
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2. Along x i.e. parallel to the interface

y component of Eandz component of Harein phase (both time and space) and
propagate with phase velocity

_ i) _ i)
M8 Bsind,
and A _i_ A
L (6.78)

The wave propagating along the x direction has its amplitude varying with z and hence

constitutes a non uniform plane wave. Further, only electric field Hijs perpendicular to the
direction of propagation (i.e. x), the magnetic field has component along the direction of
propagation. Such waves are called transverse electric or TE waves.

ii. Parallel Polarization:

In this case also #*and @ are given by equations (6.69). Here Hiand Frhave onlyy
component.

"fy Perfect Conductor
- "'_..l-'_._'_‘ﬂ_‘_.-r""f
o

1] .»—""'___”‘———ﬁ"’/

& — z
e .
_.E?: ',..-r"'___‘—‘————'-"""
a1=0 0, =@

Figure 6.11: Parallel Polarization

With reference to fig (6.11), the field components can be written as:

Incident field components:

xeind+ecosd |

E; (x.z)=E, [cos a,ﬁx —sin -5:-&2] é'_"ml[

i (n.0) - 3y B g At

M
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Reflected field components:

—

- A —i 5[ xsind, —2cosd,
X [x,z) =E  |ax cosﬂr+axs1n5‘r]e Al ’ ")

T () = oy B A28
G|

Since the total tangential electric field component at the interface is zero.
E [x,li])+ El[x,[lj =0

Which leads to £ = ~E, and §=8 as before.

Substituting these quantities in (6.79) and adding the incident and reflected electric and
magnetic field components the total electric and magnetic fields can be written as

E; (x.z)=-2E, i ro8 8 sin ( fzoos &)+ s sin 8 cos fzcos EJ!:]] g AT

and  Hi (x,z) = it 25, cos( fzros g je_"r.’glxsm'gi
ol

Once again, we find a standing wave pattern along z for the x and y components of £ and

i while a non uniform plane wave propagates along x with a phase velocity given by
VP _ @

W8 e A

SIS where A . Since, for this propagating wave, magnetic field is in

transverse direction, such waves are called transverse magnetic or TM waves.

Vplx =

Oblique incidence at a plane dielectric interface

We continue our discussion on the behavior of plane waves at an interface; this time we
consider a plane dielectric interface. As earlier, we consider the two specific cases, namely
parallel and perpendicular polarization.
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i
X
Er Hr - =
By Hi
#,
S S ] .
i z
=0
- Ei, Hi
Medium 1 Medum 2
ll‘:-?I.’-":"I'IFEI-I=|:I Ez:.-“g,l'ji=|:|

Fig 6.12: Oblique incidence at a plane dielectric interface

For the case of a plane dielectric interface, an incident wave will be reflected partially and
transmitted partially.

In Fig(6.12), 8.5 mds corresponds respectively to the angle of incidence, reflection and

transmission.
1. Parallel Polarization

As discussed previously, the incident and reflected field components can be written as

Bi(x.2) - &, [wssﬁax -sin ;| AL AR)

Eilix,zjl a}.—j" —J 4| xeind;+zcosdy)

L, (6.82)

—

- ~ —j B xsing, —zcoss,
By (x,z)=E, [ﬂx cosd, +ax smé?r]é' S {rsingy 7)

Ty (.2) - -y B A -z

L, (6.83)

In terms of the reflection coefficient I

— - xsmﬁ"' — 2008,
By (x,2) [ﬂx cos 8, + g sind ] T [rsing, 7)

Er I:‘T‘-’Z) = _a}. %E_J’%[mm&r—zcnsﬁﬂ
£ (6.84)

The transmitted filed can be written in terms of the transmission coefficient T
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F(1,2) = T8, [av cos 6 - sing ] 220 47554)

i () -3 DB S
My

We can now enforce the continuity of tangential field components at the boundary i.e. z=0

cos gié.‘.,i"ﬁlxﬁn'% +ros g?g—.,i"ﬁlxsinﬂr =T o gzg—j,ﬂ;xsin&,
and le—j,ﬁlxsinﬁg - LE‘J}%»TSiHI?r - Ee—j,&gxsmﬂ
& " 4 (6.86)

If both £, and H-“ are to be continuous at z=0 for all x , then form the phase matching we

have

Geind = Gend = & sin g

."*We find that
& =6
and Sand =4 snd (6.87)
Further, from equations (6.86) and (6.87) we have
cos &+l cosd =Trosd,
md L-L_ L
PR (6.88)

1 T
d—f1-T)=—
o PEII: :I ?22
T="2(1-1)
)

cos&(1+T) = H—gfl—rjcosﬂr
6!

C(mcos8 taycos ) =ny o088, —cosd
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= cosd, —#cos

or  ‘aresgtamcosg (6.89)

7
and T=-2{1-T
2(1-1)

2, cosd

#ycos8, +acos &

From equation (6.90) we find that there exists specific angle =4 for which I "= 0 such that

M, o088, =1 cos g

Ji-sintg = fi-zin g,
#

or T, (6.91)

sAn g, = ﬁsin &,
Further, (6.92)

For non magnetic material = Hy =
Using this condition

1-sin® § =L (1-sin’ 5 )
Eﬂ

. g .
and sin® & = —Lsin® &,
T (6.93)

From equation (6.93), solving for sin &) we get

1

£
1+ 2L

£

sind, =

This angle of incidence for which I'= 0is called Brewster angle. Since we are dealing with

N . g
parallel polarization we represent this angle by “*Iso that

£
1+-L
£


http://learnengineering.in

2. Perpendicular Polarization

For this case

B (x,2) = aygiﬂg—jﬁll:xsm-% +eonsd)

- Er -~ -~ —f [ xsing +zcoss; )

Hi(x,z)=—2|-arcos8 +assin Hl]e
R, (6.94)

B, (x,2)= &},I"Ebé._jﬁl[xsinﬂr—zcns&rj

Er [x,z) = % [ax cos E,r + ax it 5',] E—Jﬁ(mn'ﬂ’_zcm&rj
R (6.95)

7, (1.2) = QJ,TE!. ) E-J‘ﬁl[xsmﬁ; +2c0sd )

E;[x,z:l - Th, [—éx cos &, +azsin 5‘,]2
G

—J B[ xsindr+ 2008 S )

Using continuity of field components at z=0
g A | o mfAasng TE, oI AN

atid —lcos ﬂeﬂﬁlmn% + r cos g?g—,i"ﬁlxsin&r __7 cos gz‘é‘_vi'.,&gxsmﬁ:
.’21 ';gl ?3_2

As in the previous case

Gemn g = Aeind = S an 8

& =6,
and snd, = ﬁsinﬂi
......................... (6.98)
Using these conditions we can write
1+0'=T
cosd | [cosd Tros 8,

—_ + = —

% ! 1 T (6.99)

From equation (6.99) the reflection and transmission coefficients for the perpendicular
polarization can be computed as
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r _ o5 —acosd,
sycosd +acosd,

2uycosd

and T =

+
» n::osﬂz. n'ln::osé?

2 E e (6.100)

We observe that if I = 0 for an angle of incidence =6

Hycos8, =mcosd,

Lcost g = % o &
)

Ha €
g

2
cost &,

“1-sin? g, =229 (1-4in? )
HEy

sAn &, = ﬁsiﬂ &
Again

o g .
sin? 8, = A8 g &,
&y

. 1_."5'{151 sinn 5 _ Haf .HQEI sin 5
&y HEy M8

HE A | 1_9512'5'1
Hyfy M L&

s = L€y~ HyE)
Mgy

sin®

sin? g, = Hy [ﬁ*’liz _#2251)
or alaw -w') (6.101)

We observe if “1 = #2 = #j ¢ _in this case of non magnetic material Brewster angle does
not exist as the denominator or equation (6.101) becomes zero. Thus for perpendicular

polarization in dielectric media, there is Brewster angle so that I" can be made equal to zero.
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From our previous discussion we observe that for both polarizations

_A

sin &, = —sin &,

if AT M T A

. & .
sAnd, = ||—1 sin &,
=
2

For & >£‘2; & 8,

g, = 8= sin'ng
The incidence angle 8=¢4 for which Zie. 4 is called the critical angle of

incidence. If the angle of incidence is larger than & total internal reflection occurs. For such
case an evanescent wave exists along the interface in the x direction (w.r.t. fig (6.12)) that
attenuates exponentially in the normal i.e. z direction. Such waves are tightly bound to the
interface and are called surface waves.
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